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Abstract

This contribution is intended to be a
compendium of similarity-based fuzzy
orderings—a generalization which has
recently been discovered to be more
appropriate for expressing vague order
preferences than previously known con-
cepts.
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1 Introduction

Models of preferences are essential components
in decision making. In classical mathematics,
relations, particularly orderings, are fundamen-
tal concepts for expressing preferences. In real-
world situations, however, two-valued concepts
are rarely rich enough to express the complexity
of the way humans deal with preferences.

By allowing intermediate degrees of relationship,
fuzzy relations provide much more freedom to ex-
press the subtle nuances of human preferences.
Since their first appearance in 1971 [20], differ-
ent variants of fuzzy orderings have become in-
creasingly important in fuzzy preference model-
ing. However, the scientific community has wit-
nessed the paradoxical development that the di-
rect analogue to ordering relations (i.e. reflexive,
transitive, and antisymmetric binary relations)
has never played a significant role, although the
corresponding crisp concept is of fundamental im-
portance.

This paper is devoted to an overview of an alter-
native concept of fuzzy orderings which also takes
the important relationship between fuzzy order-
ings and approximate similarity into account—
in direct analogy to the fundamental connec-
tion between ordering and equivalence relations
in the classical two-valued case. After providing
the reader with the most important preliminar-
ies (Section 2), we will briefly motivate and in-
troduce the generalized approach (Section 3). In
Section 4, three examples will give the reader an
impression of the richness and appropriateness of
the concept. Finally, Section 5 is devoted to a
comprehensive survey of construction and repre-
sentation results.

2 Preliminaries

We will deal with fuzzy relations in a rather clas-
sical sense here, i.e. the unit interval [0, 1] is con-
sidered as the standard domain of truth values.
A fuzzy set on a crisp non-empty domain X is
uniquely characterized by a X — [0, 1] member-
ship function. We will use uppercase letters for
fuzzy sets and their membership functions syn-
onymously; the same for binary fuzzy relations on
a non-empty crisp domain X which are supposed
to be fuzzy sets on X x X.

In this paper, logical conjunctions will solely be
modeled by triangular norms (short t-norms), i.e.
associative, commutative, and non-decreasing bi-
nary operations on the unit interval ([0,1]?> —
[0, 1] mappings) which have 1 as neutral element.
A t-norm T is called left-continuous if and only
if both partial mappings T'(z,.) and T'(.,x) are
left-continuous.



Definition 1. Consider a t-norm 7. A binary
fuzzy relation R : X2 — [0, 1] is called

1. reflexive if and only if, for all x € X,
R(z,z) =1,

2. symmetric if and only if, for all z,y € X,
R(x,y) = R(y,x),

3. T-antisymmetric if and only if, for all x,y €
X, z#y = T(R(z,y),R(y,z)) =0,

4. T-transitive if and only if, for all z,y,z € X,
T(R(z,y), R(y, 2)) < R(z, 2),

5. strongly complete or, synonymously, strongly
linear if and only if, for all z,y € X,
max (R(z,y), R(y, z)) = 1.

Definition 2. A reflexive and T-transitive fuzzy
relation is called fuzzy preordering with respect to
a t-norm T, short T-preordering. A T-preordering
which is, in addition, symmetric is called fuzzy
equivalence relation with respect to T', short T'-
equivalence.

For intersecting T-transitive fuzzy relations, the
concept of domination between t-norms is of vital
importance [7, 15].

Definition 3. A t-norm 77 is said to dominate
another t-norm 75 if and only if, for any quadruple
(z,y,u,v) € [0,1]%, the following holds:

Ty (Tg(a;, y), To(u, v)) > Ty (Tl(a;, w), T (y, v))

Lemma 4. [7] Consider two t-norms T; and
T>. The Ty-intersection of any two arbitrary T1-
transitive fuzzy relations is Ti-transitive if and
only if Ts dominates Ty .

3 Fuzzy Orderings

The most obvious idea to define fuzzy orderings
is, of course, to demand the three straightforward
generalizations of the classical axioms reflexivity,
antisymmetry, and transitivity (cf. Definition 1).
The first definition of that type already appears in
[20] under the slightly misleading name fuzzy par-
tial ordering, where only the so-called minimum t-
norm T (z,y) = min(x, y) was considered. Here,
we give the more general definition admitting an
arbitrary t-norm.

Definition 5. Let T be an arbitrary t-norm. A
reflexive, T-antisymmetric, and 7T-transitive bi-
nary fuzzy relation is called fuzzy ordering with
respect to the t-norm 7', for brevity T-ordering.

Doubts that T-antisymmetry could be too strong
a requirement have already appeared rather early
and have motivated several researchers to propose
generalizations—some with less axioms, some
with weakened axioms [9, 17, 20]. Fuzzy orderings
with a link to an underlying concept of indistin-
guishability of approximate similarity appeared
first in a paper by U. Hohle and N. Blanchard
[12]. The introduction of this paper contains the
following remarkable statement:

“In opposition to Zadeh’s, our point of
view 1s that an azxiom of antisymmetry
without reference to a concept of equality
is meaningless.”

However, the authors’ argumentation is rather
based on formal category theory-related consider-
ations than on practical aspects of fuzzy set the-
ory and preference modeling. For this reason and
since the paper, as a whole, was strictly based on a
category-theoretic setting, this fundamental con-
tribution, unfortunately, remained unrecognized
in the fuzzy set and decision making communi-
ties.

In more recent investigations [4, 5], the same
idea was re-vitalized in the setting of fuzzy set
theory—also providing case studies which demon-
strate the appropriateness of the similarity-based
generalization.

Definition 6. Consider a binary fuzzy relation
L: X% —[0,1]. L is called fuzzy ordering with
respect to a t-norm 7" and a T-equivalence E (on
the same domain X)), for brevity T-E-ordering,
if and only if it is T-transitive and additionally
fulfills the following two axioms:

1. E-reflezivity, i.e. for all z,y € X, E(x,y) <
L(z,y)

2. T-E-antisymmetry, i.e. for all z,y € X,
T(L(z,y), L(y,x)) < E(z,y)

It is easy to verify that Definition 6 is consis-
tent with the previous definition of T-orderings
(cf. Def. 5) if E' is replaced by the crisp equality.



4 Examples

In order to give the reader an impression which
kinds of relations fuzzy orderings are and what
they may be used for, we give three simple ex-
amples. The first two are more of theoretical in-
terest, while the third one has a clear application
background.

4.1 Implications as Orderings

Consider an arbitrary left-continuous t-norm 7.
Then its so-called residual implication [10, 11, 15],
defined as

—

T(xz,y) =sup{u € [0,1] | T(u,z) <y},

is a strongly linear fuzzy ordering on the unit in-
terval with respect to T and the corresponding
biimplication

T(z,y) =T(T(2,y),T(y,x)).
This correspondence can be considered as a fuzzy

analogue to the well-known fact from classical
logic that the relation

0 S <= (¢ — 1 is a tautology),

is an ordering, if ¢ and ¢ are formulas and if
we always consider two formulas as equal if their
evaluations coincide for all interpretations.

Note that 7' can never fulfill T-antisymmetry, re-
gardless of the choice of T'.

4.2 Fuzzy Inclusions

If we fix a left-continuous t-norm 7', the fuzzy
inclusion relation [1, 10]

INCLy(4, B) = inf, T(A(z), B(z))

defines a fuzzy ordering on the fuzzy power set
F(X) with respect to 7" and

IMr(A, B) = inf T(A(z), B

SIMr (A, B) = inf T(A(x), B(x))

which is a well-known mapping for measuring the
similarity of fuzzy sets, at least if T' equals the
Lukasiewicz t-norm [16, 19]

Ti(x,y) = max(z +y — 1,0).

It is worth to mention that, for any left-
t-norm 7T, INCLp is not T-
antisymmetric.

continuous

4.3 Linear Orderings with Imprecision

The fuzzy relation

L(z,y) = {

is a fuzzy ordering on the real numbers R with
respect to the Lukasiewicz t-norm 77, and the fol-
lowing well-known 7T1.-equivalence [6, 16]:

1 ife <y
max(l —x 4+ y,0) otherwise

E(x,y) = maX(l - ‘iL' - y\,O)

This example corresponds to a situation familiar
from everyday life—even if a clear crisp linear or-
dering is known, there is a certain tolerance for
indistinguishability which is taken into account
even when ordering is concerned. Let us consider
the following two examples:

e Humans usually do not interpret the rela-
tion “at least as tall as” in the strict sense
height(z) < height(y), they also take into
account that the difference between some
heights, e.g. 179.9cm and 180.0cm, is almost
negligible.

e Suppose that somebody sends a query to an
online tourist information system asking for a
hotel room which should fulfill some quality
criteria, but which should not be more ex-
pensive than € 70.00 per night. In any case,
it seems inappropriate not to offer him/her a
room which costs € 70.10, provided that all
other search criteria are fulfilled.

This interplay between crisp linear orderings and
fuzzy equivalence relations is also a typical phe-
nomenon in fuzzy control [13, 14]. The similarity-
based approach to fuzzy orderings, hereby, opens
a new direction of applications of fuzzy relations
in fuzzy control and approximate reasoning [2, §].

Note that such a kind of “relaxed” linear ordering
cannot be modeled by a T-ordering. It is imme-
diate to see that there exists no non-trivial ex-
tension of a crisp linear ordering which fulfills the
axioms of Definition 5 [4, 5].

5 Constructions and Representations

In this section, we give a comprehensive overview
of different representations and constructions.



For detailed proofs, we refer to already published
material [3, 4, 5].

5.1 Implicit Factorization

It is easy to prove that the symmetric kernel of a
crisp preordering is an equivalence relation. A
fuzzy analogue has been proved in [18]. The
following result shows, one step further, how to
construct T-equivalences such that a given T-
preordering can be considered as a fuzzy ordering.

Theorem 7. Suppose L to be a T-preordering
and T to be a t-norm which dominates T. Then
L is a fuzzy ordering with respect to T and

E(z,y) =T (L(z,y), L(y, x)).

Since it is trivial to prove that any t-norm T dom-
inates itself and that the minimum t-norm Ty
dominates any other t-norm 7" [7], the assertion
of Theorem 7 also holds for T = T and T = T,
and we obtain unique upper and lower bounds for
the underlying fuzzy equivalence relation.

Corollary 8. A T-preordering L is a fuzzy or-
dering with respect to T and a T-equivalence E if
and only if, for all z,y € X,

T(L(Ivy)7L(y7 :ZI)) < E(x,y)
< min (L(.ﬁC,y);L(yv‘T))‘

At first glance, Theorem 7 seems to indicate that
T-FE-antisymmetry is a superfluous axiom, since
any T-preordering can be interpreted as a T-F-
ordering (for some E) anyway. However, the exis-
tence of such an E only means that L can be con-
sidered as a reasonable concept of ordering if we
may consider /' as an appropriate concept of ap-
proximate similarity in the given environment—
otherwise the relation E is of no practical use and
its introduction is purely artificial. In many prac-
tical situations, the underlying context of indis-
tinguishability E is given in advance anyway.

In any case, we face the same situation in the
crisp case—any crisp preordering can be consid-
ered an ordering if we factorize with respect to its
symmetric kernel. Although factorization is not
an explicit element of Theorem 7 and Corollary 8,
they together constitute a perfect analogue to fac-
torization argument in the crisp case. Moreover,

we should not forget that such kinds of “implicit
factorization” even occur in the crisp case when
we often nonchalantly say “equal” while meaning
“equivalent” (e.g. like in Subsection 4.1)

5.2 Intersections and Cartesian Products

The following theorem gives a sufficient condition
under which the intersection of two fuzzy order-
ings again yields a fuzzy ordering.

Theorem 9. Suppose that Ly is a T-E1-ordering
on X and Ly is a T-Es-ordering on X. If T is a
t-norm which dominates T, then

L(:L',y) = T(L1<mv y)? Lo(x, y))

is a T-FE-ordering with

E(x7 y) = T(El(xa y)v EQ(xa y))

By induction, Theorem 9 can be generalized to an
intersection of any finite number of fuzzy order-
ings. If the minimum t-norm 7Ty; is considered,
this even works for the infinite case.

Corollary 10. Let (L;)ier and (E;)cr be two
(possibly infinite) families of fuzzy relations on X
such that each L; is a T-E;-ordering. Then

L(z,y) = inf Li(z,y)
is a T-E-ordering with

E(z,y) = inf Ey(z,y).

Since Cartesian products are nothing else than
intersections of cylindrical extensions, we obtain
a basic procedure how to construct fuzzy order-
ings on product spaces provided that we are given
fuzzy orderings in each component.

Theorem 11. Let us consider a finite family
of non-empty crisp sets (X1,...,X,), an arbi-
trary t-norm T, and two families of fuzzy relations
(L1,...,Ly) and (E,... , Ey,) such that, for all
i€{l,...,n}, E; is a T-equivalence on X; and
L; is a T-E;-ordering on X;. If a t-norm T dom-
inates T', the mapping

L: (Xix---xXp)? — [0,1]
((33‘1,...

yn)) — T

,$n)7(y17'-- 1§z§nLl(xz7yl)



18 a fuzzy ordering with respect to T and the fuzzy
equivalence relation

7yn)) = T

1<i<n

E((xl,... ,xn),(yl,... Ez(xz,yl)

Almost needless to mention, Theorem 11 can also
be generalized to infinite Cartesian products if the
minimum t-norm is considered (as a consequence

of Corollary 10).

Note that it still remains an open problem how to
define fuzzy orderings on product spaces by means
of a kind of lexicographic composition.

5.3 Fuzzifications of Crisp Orderings

In Subsection 4.3, we have discussed the general
motivation behind, what we called, linear order-
ings with imprecision, i.e. fuzzy orderings which
fuzzify a crisp linear ordering. We have already
mentioned a simple example; now it is time to
introduce a general representation.

Definition 12. Let < be a crisp ordering on X
and let E be a fuzzy equivalence relation on X.
E is called compatible with <, if and only if the

following implication holds for all z,y, z € X:

v Sy S 2= E(z,2) <min (E(z,y), E(y, 2))

This property can be interpreted as follows: The
two outer elements of a three-element chain are at
least as distinguishable as any two inner elements.

Theorem 13. Consider a fuzzy relation L on a
domain X and a T-equivalence E. Then the fol-
lowing two statements are equivalent:

(i) L is a strongly linear T-E-ordering.
(i) There exists a linear ordering < the relation

E is compatible with such that L can be rep-
resented as follows:

_ )1 frsy
L(w,y) = { E(z,y) otherwise

Theorem 13 states that strongly linear fuzzy or-
derings are uniquely characterized as fuzzifica-
tions of crisp linear orderings, where the fuzzy
component can be attributed to a fuzzy equiva-
lence relation. By means of the elaborate theory

of fuzzy equivalence relations [6], Theorem 13 can
also be used to construct strongly linear fuzzy or-
derings from pseudo-metrics (see [3] for more de-
tails).

5.4 Fuzzy Orderings Generated by
Families of Fuzzy Sets

Since any T-FE-ordering is a T-preordering, the
well-known representation theorem holds which
For the whole subsection, let us
assume that T' denotes a left-continuous t-norm.

Theorem 14. [18] Provided that L is a binary
fuzzy relation on a domain X, the following two
statements are equivalent:

we cite next.

(i) L is a T-preordering.

(ii) There exists a family of fuzzy sets (Aj)ier
on X such that the following representation
holds:

An analogous theorem holds for fuzzy equivalence
relations.

Theorem 15. [18] Given a binary fuzzy relation
E on a domain X, the following two statements
are equivalent:

(i) E is a T-equivalence.

(i) There exists a family of fuzzy sets (A;)ier
on X such that the following representation
holds:

—

As we have seen in Subsection 5.1, T-F-orderings
are nothing else than 7T-preorderings with a spe-
cial interaction with a given T-equivalence FE.
The question arises whether, for a given T-F-
ordering L, the fuzzy relations L and E can be
generated from the same family of fuzzy sets. In
general, the answer is negative. The following the-
orem shows that at least one of the two directions
holds.

Theorem 16. Let (A;)icr be a family of fuzzy
sets on a domain X. Then L in Eq. (1) defines a

T-E-ordering, where E is a T-equivalence defined
like in Eq. (2).



The next theorem gives a unique representa-
tion, however, only for a subclass which fulfills
a slightly stricter antisymmetry criterion.

Theorem 17. Consider two binary fuzzy rela-
tions E and L on a domain X. Then the following
two statements are equivalent:

(i) E is a T-equivalence and L is a T-E-ordering
which fulfills the following property (for all
z,y € X):

min (L(x,y), L(y, z)) < E(z,y)  (3)

(ii) There exists a family of fuzzy subsets (A;)icr
of X such that L can be represented as in (1)
and such that E can be represented like in

(2).

Note that (3) is automatically fulfilled if 7" = Ty
or if L is strongly linear.

5.5 Inclusion-Based Representations

Very similar proof techniques as in the previ-
ous subsection can be employed to show that T-
preorderings, T-equivalences, and, again most im-
portantly for us, T-F-orderings can be reduced
to the fundamental set comparisons INCLp and
SIMp, where T again denotes a left-continuous
t-norm.

Theorem 18. Provided that L is a binary fuzzy
relation on a domain X, the following two state-
ments are equivalent:

(i) L is a T-preordering.

(i) There exists an embedding mapping ¢ : X —
F(X) such that the following representation
holds:

L(z,y) = INCLp(¢(z),¢(y))  (4)

Again, an analogous correspondence holds for
fuzzy equivalence relations.

Theorem 19. Given a binary fuzzy relation E
on a domain X, the following two statements are
equivalent:

(i) E is a T-equivalence.

(ii) There exists an embedding mapping ¢ : X —
F(X) such that the following representation
holds:

E(z,y) = SIMr(p(z), 0(y)) (5)

In perfect analogy to Subsection 5.4, a construc-
tion based on the fuzzy relations INCL7 and
SIMt can be formulated.

Theorem 20. Consider a mapping ¢ : X —
F(X). Then L in Eq. (4) defines a T-E-ordering,
where E is a T-equivalence defined as in Eq. (5).

In the same way as above, the reverse of Theo-
rem 20 only holds for the subclass satisfying the
stronger antisymmetry axiom (3).

Theorem 21. Let E and L be two binary fuzzy
relations on a domain X. Then the following two
statements are equivalent:

(i) E is a T-equivalence and L is a T-E-ordering
that fulfills property (3).

(ii) There exists an embedding mapping ¢ : X —
F(X) such that L can be represented like in
(5) and such that E can be represented as in

Eq. (4).
6 Concluding Remarks

This paper has been devoted to a new funda-
mental model for expressing order preferences in
vague environments. We have elucidated the mo-
tivation, historical development, and basic prop-
erties. By means of examples, representations,
and constructions, we have tried to demonstrate

the richness and soundness of this concept.
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