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Abstract

Images of fuzzy relations provide power-
ful access to fuzzifications of properties of
and/or relationships between fuzzy sets. As
an important example, images of fuzzy or-
derings canonically lead to a concept of or-
dering of fuzzy sets. This contribution stud-
ies in which way the partial (i.e. componen-
twise) monotonicity of am-ary mapping
transfers to its extension to fuzzy sets.

ordering [3] induced by some non-trivial fuzzy con-

cept of indistinguishability. Even in such a case, it
is possible to define orderings of fuzzy sets in a way
similar to the extension principle [4].

The investigations in this paper are not only of theo-
retical interest. The preservation of monotonicity has
emerged as a significant criterion for assessing order-
ing/ranking procedures of fuzzy sets [12, 13]. This
paper clarifies this topic for the general framework of
orderings of fuzzy sets proposed in [4].

We proceed in the following way: after necessary pre-

liminaries and the basic problem statement, we intro-
duce a general theorem that clarifies in which way the
extension of am-ary mapping to fuzzy sets preserves

inclusion relations between images with respect to
fuzzy preorderings. This result is then used to an-
swer the question about preservation of monotonicity

, - by extensions.
Zadeh's famous extension principle [14, 15, 16], as

a general methodology for extending crisp conceptsVe¢ Will ‘use the terms monotonicity and non-
to fuzzy sets, has served as the basis for the incepd€creasingness synonymously in this paper. The rea-
tion of new disciplines like fuzzy analysis, fuzzy al- SON IS not to cause terminological confuspn, but th_e
gebra, fuzzy topology, and several others. Most im-fact that _the same results can be _proved W_lth only mi-
portantly, this fundamental principle allows to extend N0 modifications for non-increasing mappings too.
crisp mappings to fuzzy sets. Another well-known

application—which is particularly important in fuzzy 2 Preliminaries

decision analysis [12, 13] and fuzzy control [9, 10]—

is the possibility to define ordering relations for fuzzy Throughout the whole paper, assume that the symbols
sets. T andT denote left-continuous triangular norms.

This contribution is devoted to links between theseDefinition 1. A t-norm T dominatesanother t-norm
two fields: we study in which way the monotonicity T if and only if, for any quadrupléx, y, u,v) € [0,1]%,

of a mapping is preserved by its extension to fuzzy,[he following holds:

sets. However, we do not restrict to the well-known '
methodology of extending crisp orderings to fuzzy ~ ~ ~
sets, but we start from the more general case that the T(T(X’ u), T, V)) < T(T (%, y),T(u,v))
domain under consideration is equipped with a fuzzy
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Definition 2 (Extension Principle for Mappings).
Given a mappingd : X1 x --- x Xy — Y, the T-
extensiorof ¢pisaf (X1) x--- x F(Xn) — F(Y) map-
ping that is defined as (with the additional convention

supd = 0)

65 (A1,..., An)(y) =
sup{T (Ac(x2), -, An(Xn)) | Y= (Xa, ..., %n) }.

In the one-dimensional case, i.e.fifis anX —Y

1. E-Reflexivity: E(x,y) < L(x,y)
2. T-E-antisymmetryT (L(x,y),L(y,x)) < E(x,y)

Note that, given a fuzzy sétc ¥ (X), the full image
L(A) can be interpreted as “at least Analogously,
the full image of the inverse—(A) can be interpreted
as “at mostA” (with L=1(x,y) = L(y,x)) [6]. These
two ordering-based modifiers allow to define a general
framework of orderings of fuzzy sets with respect to a

mapping, the extension is given as (independent of théuzzy orderingL that does not make any assumption

choice of a t-norm)

B(A)(y) = sup{A(X) |y = (x)}.

Definition 3. A binary fuzzy relationR : X2 — [0, 1]
is called

1. reflexiveif and only if R(x,x) = 1 for all x € X;

2. symmetriaf and only if R(x,y) = R(y,x) for all
XY € X;

3. T-transitiveif and only if T(R(x,y),R(y,2))
R(x,z) for all x,y € X;

<

Definition 4. A reflexive andT -transitive fuzzy rela-
tion is calledfuzzy preorderingvith respect td', short
T-preordering A symmetricT-preordering is called
fuzzy equivalence relationith respect tar, shortT -
equivalence

Definition 5. Consider an arbitrary fuzzy set €
F(X). Thefull image of A underR, denotedR(A)
is defined as

R(A)(X) = sup(T (A(y),R(Y,X)) |y € X}

Note thatR(A) has sometimes also been calt#icect
image[8] or conditioned fuzzy s¢l]. We adopt the

terminology of [7], where these operators are studied

in detail. For a thorough study of the full image oper-
ators of fuzzy preorderings, we refer to [6].

3 Fuzzy Orderings and Orderings of Fuzzy
Sets

We briefly introduce the general framework of fuzzy

about the fuzzy ordering, the domairX, or the fuzzy
sets under consideration [4].

Definition 7. Let L be a fuzzy ordering oiX. Then
the relation=| on 7 (X) is defined in the following
way:!

A= B iff (L(A) 2 L(B) andL *(A) CL(B))

Note that in the case that is a crisp ordering, the
usual ordering of fuzzy sets that can be defined by
means of the extension principle [9, 10] is obtained.

It can be shown that the relatiof, is a preordering
on ¥ (X) which is also antisymmetric on a specific
subclass of fuzzy sets that fulfill a certain kind of gen-
eralized convexity (for details, see [4]).

4 Monotonicity of Extensions

To approach the problem of monotonicity preserva-
tion, assume that we are given the following:

(a) Two left-continuous t-normi andT;

(b) Non-empty set¥Xy, ..., X, andY;

(c) Amappingd : Xy X --- X Xq —Y;

(d) For each = 1,...,n, aT-equivalences; on X;
and aT -E;-ordering onX;;

(e) AT-equivalencdsy onY and aT -Ey-ordering on
Y;

orderings. For a detailed study of this general conceptCOmponentwise monotonicity of the extensiép

we refer to [3, 5].

Definition 6. Let L : X2 — [0,1] be a binary fuzzy
relation. L is calledfuzzy orderingwith respect tor
and aT-equivalenceE : X? — [0, 1], for brevity T-E-
ordering, if and only if it is T-transitive and addition-
ally fulfills the following two axioms for alk,y € X:

would mean that the implication
Ai/ jLi A{l = ¢'|"'(A177A|/7,An))
=L, ¢f(A1,...,A{Q...,N) Q)

1The inclusion relation is defined in the usual way, AeC B
iff A(x) <B(X) forallxe X;



holds foralli = 1,...,n, all fuzzy set\, A’ € F(X),
and any choice of fuzzy sef§ € 7 (X;) (for j #1i).

It is clear that an extension can only fulfill the above
monotonicity if the mapping itself fulfills a certain

kind of monotonicity. The following general theo- If nothing about the specific structure of the fuzzy or-
rem about preservation of inclusions of images withderingsL; andLy is assumed, no further characteriza-
respect to fuzzy preorderings provides the key to chartion of inequality (2) is possible. In any case, however,

the extensio+ of a monotonic mapping is mono-
tonic with respect to the preordering of fuzzy sets that
is obtained by extending crisp orderings to fuzzy sets
by means of the extension principle.

acterize monotonicity of extensions.

Theorem 8. Suppose the assumptions (a)—(c) from

above are fulfilled and that T dominaté&s Further-
more assume that we are given a T -preorderingr.
each X (i=1,...,n) and a T-preordering . on Y.

this inequality may be intuitively interpreted as a kind
of generalized monotonicity.

Finally, let us consider an important sub-class of fuzzy
orderings—so-called direct fuzzifications, i.e. fuzzy
orderings that can be split up into a crisp ordering and

Then the following two statements are equivalent fora fuzzy equivalence relation.

alli=1,...,n:

(i) The implication

Li(A) CLi(A) = Ly(d5(As,.... A, A))

- Ly(¢T~(A1,...,A,-”,...,An))
holds for all fuzzy sets{fA’ € (X)) and any
choice of fuzzy setsj& ¥ (X;) (for j #1i).

(i) The inequality

Li(%,x") < Ly(d(X1,..-, %, ..., Xn),
d(x,....X %) (2)

holds for all ¥,x" € X; and any choice of values
Xj € X;j (for j #1).

From this general result, we can immediately deduc

a characterization of monotonicity of extensions.

Theorem 9. Suppose the assumptions N(a)—(f) from

above are fulfilled and that T dominatds Then

the following two statements are equivalent for all

i=1....n:

(i) The extensiod+ is monotonic in the i-th compo-
nent in the sense dfl).

(i) The inequality(2) holds for all %,x" € X; and any
choice of valuesixc X; (for j #1i).

Definition 10. A T-E-orderingL is called adirect
fuzzificationof a crisp ordering< if and only if it ad-
mits the following resolution:

1 if X<y
E(x,y) otherwise

L(xy) = {

It is worth to mention that there is a one-to-one corre-
spondence between direct fuzzifications of crisp lin-
ear orderings and so-called fuzzy weak orderings,
i.e. fuzzy preorderings fulfilling strong completeness
[2, 3].

Proposition 11. With the assumptions of Theorem 9
and the additional assumption that &nd Ly are di-
rect fuzzifications of crisp orderings; and =y, re-
spectively, the following holds: ¢f is partially mono-
etonic, i.e.

X <ix = 0(X1,....%,..., %))
<y O(Xa,. ... X s Xn),

and¢ fulfills

E(x,x") <E(®(X1,-..,X,.., X)),

d(x,....X . %)), (3)

then¢ fulfills (2) for all x{,x’ € X; and any choice of
values x € X; (for j #1i).

The question remains how the inequality (2) can beNote that the property (3) is well-known as theten-
interpreted. sionality of a mapping [11].

If both L;j andLy are crisp orderings, then (2) is noth- This finally implies, for the special case of direct
ing else but the classical crisp partial monotonicity of fuzzifications, that extensions of monotonic and ex-
the mappingd. In this case, Theorem 9 implies that tensional mappings are monotonic.



5 Conclusions and Future Work

As the main result of this paper, we have obtained that 7]
the (generalized) monotonicity of mappings carries
over to its extension, also in theary case. This has ]
been achieved by means of a general theorem abou{
the preservation of inclusion relations between images
with respect to fuzzy preorderings (cf. Theorem 8).
All results in this paper trivially hold also for the case
n= 1. In this case, however, a t-nofiis not neces-
sary.

9]

Theorem 8, although having a rather theoretical char-
acter, could have applications beyond the study of10]
monotonicity in this paper, which is left for future
investigations. Moreover, it is remarkable that the
domination property appears in a rather unusual conf11]
text here—a fact which should also be investigated in
more detail in the future.

Acknowledgements [12]
Ulrich Bodenhofer gratefully acknowledges support
of the Kplus Competence Center Program which is [13
funded by the Austrian Government, the Province of
Upper Austria, and the Chamber of Commerce of Up-

per Austria. [14]

References

[1] R. E.Bellman and L. A. Zadeh. Decision making in a [15]
fuzzy environmentMan. Sci, 17(4):141-164, 1970.

[2] U. Bodenhofer. Representations and constructions of
strongly linear fuzzy orderings. IRroc. EUSFLAT- [16
ESTYLF Joint Conferencpages 215-218, Palma de
Mallorca, September 1999.

[3] U. Bodenhofer. A similarity-based generalization
of fuzzy orderings preserving the classical axioms.
Internat. J. Uncertain. Fuzziness Knowledge-Based
Systems3(5):593-610, 2000.

[4] U. Bodenhofer. A general framework for ordering
fuzzy sets. In B. Bouchon-Meunier, J. Géitiez-
Rioz, L. Magdalena, and R. R. Yager, editors,
Technologies for Constructing Intelligent Systems 1:
Tasks volume 89 ofStudies in Fuzziness and Soft
Computing pages 213-224. Physica-Verlag, Heidel-
berg, 2002.

[5] U. Bodenhofer. Representations and constructions of
similarity-based fuzzy ordering&uzzy Sets and Sys-
tems 137(1):113-136, 2003.

[6] U. Bodenhofer, M. De Cock, and E. E. Kerre. Open-
ings and closures of fuzzy preorderings: Theoretical

basics and applications to fuzzy rule-based systems.
Int. J. General System82(4):343-360, 2003.

S. Gottwald. Fuzzy Sets and Fuzzy Logi¥ieweg,
Braunschweig, 1993.

E. E. Kerre, editor.Introduction to the Basic Princi-
ples of Fuzzy Set Theory and Some of its Applications
Communication and Cognition, Gent, 1993.

E. E. Kerre, M. Mar8, and R. Mesiar. On the order-
ings of generated fuzzy quantities. Rroc. 7th Int.
Conf. on Information Processing and Management of
Uncertainty in Knowledge-Based Systerwume 1,
pages 250-253, 1998.

L. T. Kbczy and K. Hirota. Ordering, distance and
closeness of fuzzy sets.Fuzzy Sets and Systems
59(3):281-293, 1993.

R. Kruse, J. Gebhardt, and F. KlawornfFoundations
of Fuzzy SystemsJohn Wiley & Sons, New York,
1994.

X. Wang and E. E. Kerre. Reasonable properties for
the ordering of fuzzy quantities (I)Fuzzy Sets and
Systems118:375-385, 2001.

] X. Wang and E. E. Kerre. Reasonable properties for

the ordering of fuzzy quantities (ll)Fuzzy Sets and
Systemgsl118:387—405, 2001.

L. A. Zadeh. The concept of a linguistic variable and
its application to approximate reasoning Inform.
Sci, 8:199-250, 1975.

L. A. Zadeh. The concept of a linguistic variable and
its application to approximate reasoning lnform.
Sci, 8:301-357, 1975.

] L. A. Zadeh. The concept of a linguistic variable and

its application to approximate reasoning llhform.
Sci, 9:43-80, 1975.



