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Abstract

Many fuzzy systems in real-world applications make implicit use of two fun-
damental concepts—similarity and ordering. For both of them, formulations
in the framework of fuzzy relations have been proposed already in the early
days of fuzzy set theory. While similarity relations have turned out to be very
useful tools for the interpretation of fuzzy partitions and fuzzy controllers,
the utilization of fuzzy orderings in more applied areas is still lying far be-
hind. The main objective of this thesis is to find reasons for this missing
link and, consequently, to present and investigate an alternative approach to
fuzzy orderings which overcomes the problems in terms of applicability.

First of all, the need for expressing orderings in vague environments is
motivated with several examples. After providing the necessary preliminar-
ies from the theory of fuzzy sets and relations, we turn to a critical view on
the existing approaches to fuzzy orderings. By the help of three case stud-
ies, the definition of fuzzy antisymmetry turns out to be the crucial point.
Resting upon this discovery, a generalization of fuzzy orderings is presented
which also takes the strong relationship between similarity and ordering into
account. The key idea is to replace the crisp equality in the definition of
reflexivity and antisymmetry by a similarity relation.

The remaining thesis is devoted to three topics. Firstly, constructions,
representations, and characterizations of the new class of fuzzy orderings and
their dual relations are studied in detail. Secondly, we investigate properties
and representations of hulls with respect to fuzzy orderings which can be
particularly useful for applications. Finally, a general framework for ordering
fuzzy sets is introduced which can be applied to any domain for which a crisp
or fuzzy ordering is known.



Zusammenfassung

Viele, wenn nicht alle Fuzzy Systeme in tatsichlichen Implementierungen
bedienen sich zweier grundlegender Konzepte — Ahnlichkeit bzw. Ununter-
scheidbarkeit und Ordnung. Beide waren schon in der Anfangszeit von Fuzzy
Logik und Fuzzy Systemen Gegenstand von Untersuchungen. Die Formulie-
rung von Ahnlichkeitsbeziehungen als Fuzzy Relationen hat sich dabei als
besonders niitzlich fiir die Interpretation von Fuzzy Partitionen und Fuzzy
Reglern herausgestellt. Fuzzy Ordnungen hingegen haben sich bislang noch
nicht als fiir Anwendungen tauglich erweisen kénnen. Das Ziel der vorliegen-
de Arbeit ist, einen neuen Ansatz zu Fuzzy Ordnungen zu entwickeln, der
die Probleme hinsichtlich Anwendbarkeit iiberwindet.

Zu diesem Zweck wird zunichst die Notwendigkeit von unscharfen Ord-
nungsbegriffen anhand von Beispielen motiviert. Nach Bereitstellung der
notwendigen Grundlagen aus der Theorie der Fuzzy Mengen und Relatio-
nen wenden wir uns der kritischen Betrachtung der bestehenden Ansétze zu
Fuzzy Ordnungen zu, wobei sich herausstellt, dafs hauptsichlich die verallge-
meinerte Definition der Antisymmetrie fiir die Schwierigkeiten verantwortlich
ist. Fuftend auf dieser Erkenntnis, wird ein alternativer Ansatz vorgestellt,
der auch der engen Beziehung zwischen Ordnung und Ununterscheidbarkeit
Rechnung trigt. Die Schliisselidee ist dabei, die scharfen Gleichheiten in den
verallgemeinerten Definitionen von Reflexivitit und Antisymmetrie durch
Ahnlichkeitsrelationen zu ersetzen.

Die verbleibende Arbeit ist drei Themen gewidmet. Erstens werden Kon-
struktionen und Darstellungen der neuen Klasse von Fuzzy Ordnungen und
ihrer dualen Relationen untersucht. Im weiteren werden die von Fuzzy Ord-
nungen induzierten Hiillenoperatoren untersucht, die fiir Anwendungen be-
sonders niitzlich sein kénnten. Abschliefsend folgen Untersuchungen iiber
einen allgemeinen Ansatz zu Ordnungen von Fuzzy Mengen, der lediglich
von der Vorgabe einer scharfen oder Fuzzy Ordnung ausgeht.
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Chapter 1

Introduction

The most important novelty of L. A. Zadeh’s work was neither that he in-
troduced a kind of many-valued logic nor that he suggested it as a model
of uncertainty. Both had been done much earlier by Gdédel [22], Lukasie-
wicz [45], Menger [48], and others. The brilliant idea was to utilize what
Zadeh called “fuzzy sets” as mathematical models of linguistic expressions
which cannot be represented in the framework of classical binary logic and
set theory in a natural way. In the introduction of his epoch-making article
on fuzzy sets [72], he writes:

“More often than not, the classes of objects encountered in the
real physical world do not have precisely defined criteria of mem-
bership. [... | Yet, the fact remains that such imprecisely defined
“classes” play an important role in human thinking, particularly
in the domains of pattern recognition, communication of infor-
mation, and abstraction.”

Of course, this applicability also requires an inference mechanism which
is at least an approximate model of the way humans make decisions and
conclusions employing imprecisely defined linguistic expressions. After the
introduction of such methods [73, 75|, it took about twenty years for this new
paradigm of “fuzzy systems” to become widely accepted. But more than that,
it was then, in fact, a tremendous success which started with well-selling
applications in consumer goods implemented by Japanese engineers. The
reasons for this late, but, nevertheless, enormous triumph of fuzzy systems
include the following points:

1. The main difference between fuzzy systems and other control or deci-
sion support systems is that they are parameterized in an interpretable
way—by means of rules consisting of linguistic expressions. Fuzzy sys-
tems, therefore, allow rapid prototyping as well as easy maintenance
and adaptation.
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2. Closely related to the previous point, fuzzy systems provide simple
and robust solutions—an advantage which is particularly important for
applications in mass products, where production costs are especially
important.

3. Fuzzy systems offer completely new opportunities to deal with pro-
cesses for which only a linguistic description is available and, as a
result, to achieve a robust, secure, and reproducible automatization of
such tasks.

4. Even if conventional strategies can be employed, reformulating a sys-
tem’s actions by means of linguistic rules can lead to a deeper under-
standing of its behavior.

Undoubtedly, interpretability is the red thread common to all the above
four points. On the other hand, not everything, which is a fuzzy system
from the formal point of view, is really interpretable by humans. In this
manner, the study of interpretability is a fundamental and crucial task in
the theory of fuzzy sets and systems. Two concepts play an essential role
when it concerns interpretability—similarity and ordering.

It is a common property of human thinking to take gradual similarity
into account. In fact, this is exactly the point where binary logic fails to
be an appropriate model and, in this sense, the key motivation for estab-
lishing fuzziness. Consider, for instance, how to define the set of tall people.
Specifying a sharp limit, e.g., 180cm, leads to unnatural preciseness. While a
person of 179.9cm would be classified as not tall, somebody of 180.1cm would
be classified as tall, although it is not even possible for a human to distin-
guish between the two without taking a measuring tape. Allowing gradual
transitions between the two classes, as fuzzy sets do, solves this problem
in a very elegant way. Adopting this point of view, intuition suggests that
gradual similarity is, in some sense, an inherent component of fuzziness.

On the other hand, in almost all applications, the domains of the input
variables, at least in the case of real intervals, are divided into a certain
number of fuzzy subsets by means of the underlying ordering—there might
be only a small minority of fuzzy systems in which expressions, such as
‘small’, ‘medium’, or ‘large’, do not occur. So, it is easy to observe that
orderings are essential ingredients of fuzzy systems as well. Not very much
attention, however, has been paid to the integration of orderings into fuzzy
systems on a higher level, although there are considerably many points where
orderings, maybe together with similarity, can be helpful:

1. A problem common to most of the methods for refining or designing
fuzzy systems from example data is that they can yield results which



are fuzzy systems formally, but no longer interpretable. Since similar-
ity and ordering are two key concepts in the design of interpretable
fuzzy systems, it would be a promising approach to employ them also
for defining criteria of interpretability and, one step further, for con-
structing parametrizations which only allow interpretable settings at
all.

2. As orderings are almost always used for the specification of fuzzy sets,
it seems to be natural to apply them also to the inverse procedure called
linguistic approximation, where a linguistic expression has to be found
which describes a previously unknown fuzzy set. Most approaches to
linguistic approximation are based on comparisons with a given library
of fuzzy sets. Orderings could provide a way to find an interpretation
of the semantics of a fuzzy set even if no sample sets are taken into
account—possibly in connection with existing similarity-based meth-
ods [29, 35].

3. Most implementations of fuzzy systems use tables for representing their
rule bases. It is trivial to see that, for such systems, the number of
rules grows exponentially with the number of variables—a fact which
can be regarded as a serious limitation in terms of surveyability and
interpretability. Among other measures, it could be a promising ap-
proach to use ordering-based operators, such as ‘at least’, ‘at most’, or
‘between’, for grouping neighboring rules with the same consequents in
order to reduce their overall number.

4. Sometimes, when experts or automatic tuning procedures only provide
an incomplete description of a fuzzy rule base, it can still be necessary
to obtain a conclusion even if an observation does not match any an-
tecedent in the rule base [38]. Moreover, it is considered as another
opportunity for reducing the size of a rule base to store only some rep-
resentative rules and to interpolate between them [39]. In any case, it
is indispensable to have criteria for determining between which rules
the interpolation should take place. Beside distance, orderings play a
fundamental role in this selection. Furthermore, as an alternative to
distance-based methods [39], it is possible to fill the gap between the
antecedents of two rules using a fuzzy concept of ‘between’, which leads
us to the ordering-based operators mentioned above.

For both similarity and ordering, formulations in the framework of fuzzy
relations have been proposed already in the early days of fuzzy set theory
[74]. So-called similarity relations have turned out to be useful tools for
investigating the semantics and interpretability of fuzzy sets [29, 35|, at
least up to the point where the structure of the underlying space, i.e., the
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ordering, should be taken into account. Fuzzy orderings, however, could not
yet prove applicability to any of the above points.

The aim of this thesis is to discuss the counter-intuitive properties of
fuzzy orderings and, in the following, to define a generalization which over-
comes these problems.



Chapter 2

Preliminaries

This chapter is intended to provide the mathematical apparatus for the fol-
lowing studies of fuzzy orderings and their properties in a comprehensive
way. Unless stated otherwise, only original results will be proven (mainly in
2.1.2 and 2.4.2). For the proofs of the remaining reproduced results, we will
refer to the literature. In any case, the reader is assumed to be familiar with
the basics of equivalence relations, orderings, and lattice theory [6, 41].

2.1 Fuzzy Sets

2.1.1 Basic Notions

2.1. Definition. Let X be an arbitrary non-empty set. A fuzzy subset A
of X is uniquely represented by its membership function

fia: X — [0,1]

where the value p4(x) is interpreted as the degree to which the value x is
contained in A. The set of all fuzzy subsets of X is called fuzzy power set of
X and denoted by the symbol F(X).

2.2. Definition. Let A, B be two fuzzy subsets of X.

1. A and B are called equal, denoted A = B, if and only if their member-
ship functions coincide.

2. A is called subset of B, short A C B, if and only if, for all z € X,
pa(z) < pp(x).

Consequently, B is called superset of A.
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The unit interval [0, 1] is the domain of truth values we will consider in
the following. We restrict ourselves to this domain, although most of the
following results hold analogously even if more general domains are used
[23, 27, 34]. The reasons are simplicity and the fact that fuzzy systems
applications, which we are particularly interested in, almost exclusively use
the unit interval.

Every ordinary set M is uniquely determined by its characteristic func-
tion

1 ifxe M,
0 otherwise.

) = {

Therefore, it can also be regarded as a fuzzy set. As a consequence, the
crisp power set P(X) can be embedded into F(X). In order to explicitly
distinguish between fuzzy and ordinary sets, we will often use the term “crisp”
for non-fuzzy.

2.3. Definition. Let A be a fuzzy subset of a domain X.

1. The height of A is defined as

height(A) = sup{ua(z) | z € X}.
2. The support of A is defined as

supp(A) = {z € X | pa(z) > 0}.
3. The ceiling of A is defined as

ceil(A) ={z € X | pa(x) = height(A)}.

4. The kernel of A is defined as

kern(A) = {z € X | pa(z) =1}.

5. A is called normal if and only if there exists an element x¢g € X such
that pa(zg) =1 or, equivalently, if kern(A) # 0.

In the following, we will denote the set of normal fuzzy subsets of X with
Fn(X) and the set of fuzzy sets with a height of 1 with Fy(X). The set of
all fuzzy subsets with non-empty ceiling will be denoted as Fr(X).

2.4. Definition. Consider a fuzzy set A € F(X).

1. For a value a € [0, 1), the strict a-cut of A is defined as

[Ala = {z € X [ pa(z) > aj.
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For a value a € [0,1], the (non-strict) a-cut of A is defined as

[Ala = {2 € X | pa() = a}.

2.5. Lemma. For any fuzzy set A € F(X), the following assertions hold:

. supp(A) = [A]p and kern(A) = [A];

Both kinds of a-cuts are nested sequences of sets:

B€l0,0)

. If the same is done for strict cuts a non-strict a-cut is obtained:

B€l0,)

Every fuzzy set A can be reconstructed from both kinds of its a-cuts,
where sup @) is defined to be 0:

pa(x) =sup{a |z € [Aly} =sup{a |z € [A4]s}

Proof. Assertions 1. and 2. follow trivially from the definition; 3. and 5. see,
for instance, [40]. 4. can be proven similarly. O

It is not surprising that subsethood transfers to all a-cuts, strict and

non-strict, and vice versa.

2.6. Lemma. For any two fuzzy subsets A, B € F(X), the following holds:

ACB < (Vael0.1]: [4], C[Bla) < (Vae€[0,1): [Als C[Bla)

Proof. Trivial. O
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2.1.2 Ordering-Based Convexity

The notion of convexity will be essential for Chapters 5 and 6. Throughout
this subsection, let X be a non-empty set equipped with an ordering <.

2.7. Definition. A crisp subset M of X is called connected if and only if
there is no sequence x <y < z, such that t € M, 2 € M, and y ¢ M.

2.8. Definition. A fuzzy subset A of X is called convez if and only if, for
every sequence r Sy < z, the following inequality holds:

paly) = min(pa(z), pa(z))

As a first important result on convexity, we show that it directly cor-
responds to the connectedness of all a-cuts, regardless whether strict or
non-strict.

2.9. Proposition. The following statements are equivalent for any fuzzy

subset A of X:

(i) A is convex.
(ii) Every strict a-cut is connected.

(iii) Every a-cut is connected.

Proof. (i)=(ii): Assume that there is an a € [0,1) such that [A], is not
connected, i.e., there is a sequence z < y < z such that

r €Ay = palzr) >«
2 €[Als = pa(z) >«
y€lAla = paly) <a

which implies the contradiction p(y) < min(ua(z), ua(2)).
(1)=-(iii): Analogous to (i)=-(ii).
(ii)=(i): Let x Sy < z be an ascending sequence. In the case
min(pa(x), pa(z)) =0,

nothing is to prove. So, assume the opposite and we have, for every
a € [0,1) fulfilling

a <min(ua(x), pa(z))

that x € [A], and z € [A],. Since [4], is connected, y must be in [A],
as well:

Va <min(pa(x), pa(z)) : paly) > a.
Of course, this implies that pa(y) > min(pua(x), pa(z2)).



2.1. Fuzzy SETS 9

(iii)=-(i): Again, let x <y < z be an ascending sequence. With the setting

B =min(pa(z), pa(z)),

we obtain that = and z are both elements of [A]g. Since [A]s is con-
nected, it must contain y, too. Hence, the following must hold:

paly) 2 B =min(pa(x), pa(z)) 0

On the other hand, it is worth to mention that there is no one-to-one cor-
respondence between convexity of fuzzy sets and the convexity or concavity
of its membership function in analytical terms. As follows next, monotonic-
ity is already a sufficient condition for convexity, while this is, certainly, not
true when it concerns convexity or concavity of functions in the usual sense.

2.10. Proposition. A fuzzy set, the membership function of which is either
non-decreasing or non-increasing, is cONveL.

Proof. Without loss of generality, assume that some fuzzy set A has a non-
decreasing membership function, i.e.,

Vo,y € X x Sy = pa(x) < paly).
Now take an arbitrary sequence x < y < z. Then non-decreasingness entails
pa(@) < paly) < pa(z).
That implies, of course,

pa(y) 2 pa(e) = min(ua(e), pa(z)).

The same argument can be applied to prove the corresponding assertion for
non-increasingness. U

Finally, provided that < is linear, we can show how convexity interacts
with monotonicity.

2.11. Proposition. Suppose that the ordering < is linear. Then a fuzzy
set A € F(X) is convex if and only if there exists a partition of X into
two connected subsets X1, Xa, such that pa is non-decreasing over Xy and
non-increasing over Xo and such that Xy is completely below Xo:

Vo1 € Xq Voo € Xo 1 17 5 o (2.1)
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Proof. Assume that A is convex. For all a@ < height(A), we define X{* as
the set of all elements left of [A4], and X§ to contain all the elements right

of [A]a:
XT ={a|palz) <anVyeldla: y2 o}
X5 ={z|pa(x) <anvyeldla: y S}

Of course, the above set systems are nested in the sense

Va,f € [0,height(4)): a<pf = X&C X7,
Va,f € [0,height(4)): a<pf = Xg§CXJ.
Since < is a linear ordering and since all [A], are connected (cf. Proposition

2.9), one easily verifies that each triplet (X7, X¢,[A],) forms a partition of
X such that the a-cut separates X{' and X§:

Ve, € X7 VT € [Alq Voo € X5 29 ST S a9

Now let us prove that ji4 is non-decreasing on any X{' and non-increasing
on any X§. If there are two elements x < y in X for which pia(x) > pa(y),
then we can choose any z € [A], such that <y < z, but

min(pa(x), pa(z)) = palx) > paly),

and we obtain a contradiction. The same argument can be applied analo-
gously to prove non-increasingness over XJ'.

Now let us define

X, = U xr
a€[0,height(A))
X, = U X3,

a€[0,height(A))

Obviously, X, X5, and [Alheignt (4) are disjoint and separated:

VJIGXl Vy€X2: xsy
VI € Xy Yy € [Alneight(a) : T S Y
Va € [Alneignt(a) Yy € Xa: z<y

From Lemma 2.5, Point 3., and the de Morgan laws for crisp sets, we can
deduce that these three sets, indeed, form a partition of X. Furthermore,
14 is non-decreasing over X; and non-increasing over Xs5. Finally, we can
define

X; =X U [Alheight(4)
X2 = X?a
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which completes the construction. Of course, the monotonicity over X;
cannot be deteriorated by the union with [Alpeight(4)-

Reversely, suppose that there is a partition (X7, Xs) fulfilling the above
properties. Every sequence x < y < z can be assigned to one of the following
four cases:

1. x € Xy,z € X1: Since X is connected, it must also contain y and we
obtain

ra(y) = pa(x) = min(pa(x), pa(z)).
2. x € X9,z € Xo: Analogous to 1.
3. v € X9,z € X;: Impossible case since it contradicts to (2.1).
4. x € X1,z € Xo: Then there are two possible cases

yeXi = pay) > pa(x)
yeXo = paly) > pa(z)

which, together, imply pa(y) > min(pa(x), pa(z)). O

The above ordering-based definition was chosen in order to be able to
express convexity for arbitrary, even partially ordered domains. The usual
definition, as already introduced by Zadeh in 1965 [72]|, however, is only
applicable if X is a linear vector space over the reals (a Euclidean space R"
in the simpliest case), where a fuzzy set A is called convex if all its a-cuts
are convex subsets of X. Equivalently [44],

pa(Azy + (1 = A)zz) = min(pa(z1), pa(z2))

for all 1,29 € X and all A € [0,1]. Obviously, this concept is also applicable
if there is no canonical linear ordering, i.e., if the dimension of X is greater
that 1. In the case X = R, the two definitions coincide, due to the obvious
equivalence

Vo,y,z €R: 2 <y<z < (IN€[0,1]: y= Iz + (1 —N)z).

Unless stated otherwise, we will use the ordering-based concept of convexity.

2.2 Logical Operations

Operations on crisp sets, such as intersection, union, complement, difference,
etc., rely on logical operators, such as conjunction, disjunction, or negation.
Membership degrees can be regarded as truth values; therefore, it is sufficient
to define generalizations of logical operators for the domain [0, 1] in order to
define fuzzy intersections, unions, complements, and so forth.
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2.2.1 Triangular Norms and Conorms

Closely related to Gdédels intuitionistic logic [22], Zadeh suggested the mini-
mum as fuzzy conjunction [72]. Although not an explicit element of Lukasi-
ewicz logic, it is easily possible to extract

max(xz +y —1,0)

as the underlying conjunction. In probability theory, which is considered to
be a field at least related to fuzzy set theory!, the product is the common
“conjunction”.

At the beginning of the 1980s, triangular norms were discovered as a
unifying framework for fuzzy conjunctions [36, 70]. Originally, they were
used to formulate triangle inequalities in probabilistic metric spaces [60, 61].

2.12. Definition. A function 7 : [0,1]? — [0,1] is called triangular norm
(t-norm) if and only if it fulfills the following properties for all =, y, z € [0, 1]:

(1) T(x,1)==x (neutral element)
(i) z<y=T(x,z) <T(y,z) (monotonicity)
(1i1) T(x,y)=T(y,x) (commutativity)
(iv) T(x,T(y,z)) =T(T(x,y),z) (associativity)

It is obvious that, for a t-norm 7', the equalities T'(z,0) = T(0,z) = 0
hold. Commutativity implies that it must be non-decreasing in both argu-
ments.

Monotonicity directly implies a generalization to arbitrary sequences as
stated in the following lemma.

2.13. Lemma. For a t-norm T, a sequence (x;)ic;, and a value y in the
unit interval, the following inequalities hold:

T(inf z;. y) < inf T(z;
(gglm‘z,y)_%gl (x4, y)

T (supz;,y) > supT(z;,y)
el 1€l

Proof. Follows directly from the monotonicity of t-norms. O

In fact, all the above mentioned operations are t-norms:

TM($7y) = mln(m,y)
Tp(z,y) =2y
Ti(2,y) = max(z +y — 1,0)

L After a long series of discussions, it is now a well-accepted fact that there is no one-
to-one correspondence between fuzziness and probabilistic uncertainty concerning both
semantics and truth functionality [28].
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Consequently, we will speak of the minimum t-norm, the product t-norm,
and the YLukasiewicz t-norm.

2.14. Definition. Of course, we can restrict the well-known partial order-
ing of real-valued functions such that a partial ordering of t-norms is ob-
tained:

TW<Tr, <~ V$ay € [07 1] : Tl(xay) < TQ(xay)

If T < Ty, we will say that Ty is weaker than T3 or, equivalently, that T3 is
stronger than T7.

It is easy to see from the monotonicity and neutrality of 1, that Ty is the
strongest t-norm with respect to the above ordering and that the so-called
drastic product

| min(z,y) if max(z,y) =1
Tw(w,y) = { 0 otherwise

is the weakest t-norm. Taking into account that, on the unit square, the
inequality © +y — 1 < zy holds, we obtain

Tw <1y, <Tp <Twm-

There are a lot of other t-norms and parametrized families of t-norms
[37, 40]. Among them, there is one outstanding class—the family of Frank
t-norms (Tf )a€[0,00]—Which provides a continuous and monotonic transition
between three of our basic t-norms:

Tm(x,y) itA=0
Tp(,y) if A\ =1
F
T (2, y) = Ty (x.y) if A =00
log (1 + %) otherwise

2.15. Definition. For an z € [0,1] and an n € N, we define the n-th power
with respect to a t-norm T as

x ifn=1,
x(n) = n times
r ——
T(Z,...,2) otherwise.

2.16. Definition. Some basic properties of t-norms:

1. A t-norm T is called strictly monotone if and only if

Ve e (0,1] Vy,z € [0,1]: y< z=T(v,y) < T(z,2).
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2. A strictly monotone and continuous t-norm is called strict.

3. A t-norm T is called left-continuous if, for each x € [0, 1], the compo-
nent mapping T'(z,.) is left-continuous.

4. A t-norm T is called Archimedean if and only if, for all pairs (z,y) €
(0,1)2, there is an n € N such that

(n) _

T Y.

5. A t-norm T is called nilpotent if it is continuous and, for each = € (0, 1),
there exists an n € N such that
m — o,
For a detailed investigation of the connections between the different prop-

erties we refer to [37]. We shall restrict ourselves to some fundamental results
which will be important for our further studies.

2.17. Theorem. A function T : [0,1]*> — [0,1] is a continuous Archime-
dean t-norm if and only if there exists a continuous, strictly decreasing func-
tion f :[0,1] — [0,00] with f(1) = 0 called additive generator such that, for
all z,y € [0, 1], the following holds:

T(x,y) = f~' (min(f(z) + f(y). £(0)))

The generator f is uniquely determined up to a positive multiplicative con-
stant.

Proof. See [42, 60, 61]. O

2.18. Definition. Two t-norms 77 and T are called isomorphic if and
only if there exists an automorphism, i.e., a strictly increasing bijection,
¢ :[0,1] — [0,1], such that, for all pairs (z,y) in the unit square,

To(z.y) = ¢~ (Ti(e(x), 0(y))).

2.19. Theorem. Provided that T : [0,1]> — [0,1] is a binary operation on
the unit interval, the following holds:

1. T is a nilpotent t-norm if and only if it is isomorphic to the Lukasiewicz
t-norm.

2. T is a strict t-norm if and only if it is isomorphic to the product t-norm.

Proof. See [42, 52, 61]. O
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In an analogous way, a unifying concept for studying fuzzy disjunctions
has been proposed.

2.20. Definition. A function S : [0,1]? — [0, 1] is called triangular conorm
(t-conorm) if and only if it fulfills the following properties for all x,y, z in
the unit interval:

neutral element)
monotonicity)
commutativity)
associativity)

(
x<y= S(x,z) <S(y,z) (
S(xvy) = S(?Jax) (
S(x,S(y,2)) = S(S(z,y),2) (

Obviously, the only difference between t-norms and t-conorms is that 0
is the neutral element instead of 1 and we can deduce that S(x,1) =1 for
all z € [0,1]. Again, commutativity implies that S must be non-decreasing
in both components.

It is easy to prove that, for any t-norm T', the mapping defined as
S(z,y)=1-T(1—2,1—1y) (2.2)

is a t-conorm. Reversely, every t-conorm S can be constructed by the above
formula from its dual t-norm given as

T(r,y)=1-—S1—z,1—1y). (2.3)

If this construction principle is applied to our four basic t-norms, we
obtain the following:

SM(f, y) = max(x, y)
Sp(x,y) =r+y—x-y
Sv(2,y) = min(z +y,1)

[ max(z,y) if min(z,y) =0
Swir.y) = { 1 otherwise

In fact, the maximum was already suggested by Zadeh as disjunction. The
mapping Sp is known as algebraic sum which is well-known in probability
theory. Again, Sy, is an operation which can be defined in the framework of
Fukasiewicz logic; sometimes it is called bounded sum.

Analogously, one can prove that Syg is the weakest and Sw—the so-called
drastic sum—is the strongest t-conorm and that the following holds:

Sm < Sp < 51, < Sw
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By applying (2.2) to the family of Frank t-norms we obtain the family of
Frank t-conorms (Sf) A[0,00] Which, analogously, unifies the three basic t-
conorms Sy, Sp, and Sy,

Sm(x,y) itA=0
Sp(z,y) ifA=1
F
Sx(@.9) =9 Sp(x,y) if A\ =00

1—log, (1 + (’\limf/l\)i(’l\liyfl)) otherwise

It is worth to mention that ((T%, S}\?)))\e[o

7m}
and t-conorms, which are dual to each other in the sense of (2.2) and (2.3),
such that the following functional equation is fulfilled for all pairs (x,y) in
the unit square [20]:

are the only couples of t-norms

T(z,y) + S(x,y) =x+y

All definitions of properties and representations can be carried over to
t-conorms in a dual way. We omit to present that in detail here.

Finally, we can define the intersection and union of two fuzzy subsets.
2.21. Definition. Let A, B be two fuzzy subsets of the same domain X.

Then their fuzzy intersection with respect to a t-norm T, short T-intersec-
tion, denoted as A Ny B, is represented by the membership function

panyB(x) = T(pa(z), pp(x)).

The fuzzy union of A and B with respect to a given t-conorm S, short S-
union, denoted A Ug B, is represented by the membership function

pavss(r) = S(pa(x), up(x)).

2.2.2 Negations

The formulae (2.2) and (2.3)—well-known as de Morgan laws for t-norms
and t-conorms—implicitly use

Ng(z)=1—x (2.4)

as negation. As a matter of fact, it appears to be the most important fuzzy
negation in fuzzy systems applications. Note that this operation appears in
Zadeh’s definition of the complement of a fuzzy set, in Lukasiewicz logic,
and in probability theory for computing the probability of the complement
event. Thus, it is justified to call it standard negation. In intuitionistic logic,
however,

1 ifz=0
Ni(w) = { 0 otherwise
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is used as negation.
Similar to conjunctions and disjunctions, a generalized framework for

studying negations has been introduced.

2.22. Definition. A non-increasing function N : [0, 1] — [0, 1] fulfilling the
boundary conditions N(0) =1 and N (1) = 0 is called negation.

2.23. Definition. A negation is called strict if and only if it is strictly
decreasing and continuous. A strict negation N is called involution if and
only if it is self-inverse, i.e.,

Vr€[0,1]: N(N(x)) = =x.

First of all, it is trivial to check that Ny is the smallest and that the
so-called dual intuitionistic negation

0 ifz=1
1 otherwise

Np(z) = {

is the greatest negation, where none of them is neither an involution nor
strict. The standard negation is, of course, an involution. Now let us see
in which way strict negations and involutions are represented as transforma-
tions of the standard negation.

2.24. Theorem. For a negation N, the following two equivalences hold:

1. N s an involution if and only if there exists an automorphism @ of the
unit interval such that N can be represented as follows:

Vo e [0.1]: Nx) =o' (1 - (x))

2. N is strict if and only if there exist two automorphisms @, of the unit
interval such that N can be represented as follows:

Vo € [0,1]: N(x) = (1 — o))
Proof. 1. see [57]; 2. see [17]. O

The starting points of this investigation of generalized negations were the
de Morgan laws for t-norms and t-conorms. If we replace Ng by arbitrary
negations Ny, No we obtain

S(x,y) = Ni (T (N (), Ni(x)))
T(x,y) = Ny ' (T(Na(x), Na(x)))
as de Morgan laws, where 1" denotes an arbitrary t-norm and S denotes a

t-conorm. Obviously, this definition only makes sense if N7 and Ny are strict,
otherwise the inverse functions would not be definable.
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2.25. Proposition. Assume that N is a strict negation.

1. For any t-norm T, the following mapping defines a t-conorm:

S(z,y) = N"HT(N(z), N(y)))
2. For any t-conorm S, the following mapping defines a t-norm:
T(z,y) = N"H(S(N(z), N(y)))
Proof. See [70]. O

Moreover, it is easy to see that, applying the two de Morgan laws successively,
only yields the original operation if the negation is an involution.

In [2, 18], even a necessary and sufficient condition is provided, under
which it is possible to define a negation such that the de Morgan laws hold
for a given Archimedean t-norm and an Archimedean t-conorm.

The de Morgan laws represent two such important properties that an own
name was introduced for combinations of t-norms, t-conorms, and negations
satisfying them.

2.26. Definition. A triple (T,S, N), where T is a t-norm, S is a t-conorm,
and N is a strict negation, is called de Morgan triple if and only if the first
de Morgan law

S(z,y) = N"HT(N(x), N(y)))

is fulfilled for all z,y € [0,1]. A de Morgan triple is called continuous if
T and S are continuous. A continuous de Morgan triple (T, S, N) is called
Liukasiewicz triple in the case that N is an involution and 7' is nilpotent.

Finally, in accordance to our original intention, we can define the com-
plement of a fuzzy set.

2.27. Definition. Let A be a fuzzy subset of a domain X. Then its fuzzy
complement with respect to a negation N, short N-complement, denoted as
CxvA, is represented by the membership function

peya(r) = N(pa(z)).

2.2.3 Implications

The last remaining important connective is implication. In classical Boolean
logic, the implication can be defined from negation and disjunction as

-z Vy.
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If (T,S,N) is a de Morgan triple, the same can be done in the fuzzy case:

IT(xa y) = S(N(x)a y)

This type of implication is called S-implication. Besides, there is a vast
number of equivalent ways in Boolean logic to define the implication from
the basic operations A, V, and —. In the fuzzy case, these definitions are not
necessarily equivalent. Unfortunately, S-implications and other definitions
suffer from bad logical properties, e.g., non-transitivity (see later). An alter-
native definition which overcomes these difficulties is the so-called residuum.

2.28. Definition. Let T be a t-norm. A function R : [0,1]> — [0, 1] is called
residual implication (residuum) of T if and only if the following equivalence
is fulfilled for all z,y, z € [0,1]:

T(z,y) <z < z<R(y,z)

2.29. Lemma. Assume that T is an arbitrary t-norm for which a residuum
R exists. Then R(1,z) = z holds for all z € [0, 1].

Proof. Assigning 1 to y in the definition of the residuum, we obtain
r=T(r,1) <z <= x < R(1,z),
which directly implies R(1,z) = z (see also [49]). O

2.30. Lemma. For any left-continuous t-norm T, there exists a unique re-
siduum T which is given as

T(x,y) = sup{u € [0,1] | T(u,z) < y}. (2.5)
Proof. See [16, 40]. O

Furthermore, there is an axiomatic approach to fuzzy implications, which
was originally introduced by W. Pedrycz [59] and, later on, studied inten-
sively by S. Gottwald [24, 26].

2.31. Definition. Assume that T is a t-norm. A function ¢ : [0,1]?> — [0,1]
is called ®-operator of T"if and only if the following axioms are satisfied for
all x,y,z €[0,1]:

(1) y<z= ¢(x,y) < p(x,z) (monotonicity in second component)

(1) T(x,o(z,y)) <y (modus ponens)
(1i1) y < ¢z, T(x,y)) (exchange rule)
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It has been shown [24]| that a unique ®-operator exists for a left-con-
tinuous t-norm, in which case it coincides with the residuum T. Hence, all
the above properties are satisfied for residual implications of left-continuous
t-norms. Moreover, there are some other relationships which are worth to
be mentioned.

2.32. Lemma. The following basic properties hold for the residuum T of
any left-continuous t-norm T':

1. Ve,ye0,1]: e <y<=T(z.y)=1
2. Va,y,z€[0,1]: o <y=T(z,2) >T(y,2)
T(x,2)
4. Yy, 2 €[0,1] s T(T(2,y),T(y,2)) < T(x,2)

3. Va,y,2€[0,1]: y<z=T(x,y) <

5. Ya,y,2€[0,1]: T(T(x,y),2) <T(2,T(y,2))

6. Yo,y € [0,1]: T(x,T(x,y)) <y

7. Yo,y € [0,1]: y<T(x,T(z,y))

8. Va,y,2€[0,1]: T(x,y) <T(T(x,2),T(y,2))

9. Va,y,2 €[0,1] : min (T(z,y),T(z,2)) = T (z,min(y, z))

10. Vx,y,z € [0,1] : min (T(m,z),T(y,z)) = T(max(x,y),z)

Proof. 1.-8. see [26]. 9. follows directly from the fact that 7' is non-
decreasing in the second component (cf. 3.) while, analogously, 10. is an
immediate consequence of 2. ]

Point 4., obviously, states that implications can be chained. This so-
called transitivity of residual implications, as it will turn out later, is an
extremely important property in various respects, especially when it concerns
deduction.

2.33. Lemma. For any left-continuous t-norm T, the residuum T is left-
continuous in its first and right-continuous in its second argument.

Proof. Left-continuity of the first argument means that, for all sequences
(x;)icr and values y in the unit interval, the following equality holds:

T(Sup i, y) = inff(xi, Y)
icl i€l
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Due to the non-increasingness in the first argument, the inequality
T(Supxi,y) < inff(xi,y) (2.6)
iel el
always holds automatically. The left-hand side is defined as

sup{u € [0, 1] | T'(sup zi,u) < y}.
el

Thus, it is sufficient for the equality in (2.6) to show that
T(supxi, infT‘(xj, y)) <y
iel  Je€l
holds. For this purpose, consider left-continuity of T':

T (sup i, inff(xj,y)) = sup T'(x;, infT‘(xj,y))
iel  J€l icl Jfl
<supT (. T (zi.y))
il

Finally the modus ponens rule (Lemma 2.32, Point 6.) yields

sup T (i, T'(xi,y)) < supy =y.

icl iel
Right-continuity in the second argument can be shown applying similar ar-
guments (see [49] for details). O

Now let us see what we obtain if we construct implications from the three
left-continuous ones of our four basic t-norms, where we use the standard
negation for constructing the S-implication:

= 1 ifz<y
ITM (ﬁL’, y) - max(l -, y) TM(:U’ y) - { y otherwise
. 1 ifz<y
Irp(z,y)=1-a+a-y Tp(z,y) =19 , :
o otherwise
Iy (2,y) = min(l —z +y,1) Tp,(z.y) = min(l -z +y,1)

Clearly, only for 71, the two types of implications coincide. For obvious
reasons, 1y, is called Lukasiewicz implication. It is easy to check that Ip,
and I7, are not transitive in the sense of Lemma 2.32, Point 4. They are
called Kleene-Dienes and Reichenbach implications, respectively. The two
residua TM and TP are not continuous. Anyway, both fulfill all properties
of Lemma 2.32 and Definition 2.31. They are called Gédel and Goguen
implication.

It remains to clarify in which way a residuum of a t-norm can be repre-
sented by means of its additive generator.
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2.34. Theorem. If T is a continuous Archimedean t-norm with additive
generator f, its residuum is given as

T(x,y) = f ' (max(f(y) - f(x).0)).
Proof. See [18]. O

Theorem 2.34 can be used to prove a characterization of continuity of
residual implications.

2.35. Corollary. A residuum T of a t-norm T is continuous if and only if
T is isomorphic to the Lukasiewicz t-norm, i.e., if T is nilpotent.

Proof. See [62]. O

In Boolean logic, the conjunction and the implication can be used to
define an equivalence. The same can be done for t-norms and their residua.

2.36. Definition. For a left-continuous t-norm 7', the bitmplication T is
defined in the following way:

’?(x, y) = T(T(m,y),f(y,x)) = min (T(m,y),f(y,x)) (2.7)

2.37. Lemma. The following holds for the bitmplication T of an arbitrary
left-continuous t-norm T':

1. T is a commutative operation.

2. Vr,yel0,1]: s=y < T(x,y)=1

3. Va,y €10,1] : T(x,y) =T (max(z,y), min(z,y))

4 Va,y,z€[0,1]: T(T(x,y), Ty, 2)) < T(x, 2)

5. Y,y u,v €[0,1] : min (T'(z,y), T'(u,v)) < T (min(z,u), min(y, v))

6. Vr,y,u,v € [0,1] : min (f’(x,y),f’(u,v)) < ;I_%(max(ajju),max(ij))

Proof. 1. is trivial; 2. follows directly from Lemma 2.32 and the definition;
3. see [18, 40]. 4. follows from basic properties of t-norms and the transitivity
of T (compare with Lemma 2.32). Simply by using the definition and the
monotonicities of 7' (cf. Lemma 2.32), we obtain

min (?(x, Y), f’(u, v)) = min (i(m, y),i(y, x), z’(u, v)z(v, u))
=min (T'(x,y),T (u,v),T (y,2)T (v, u))
< min (Ij(min(x, u), y),ﬂT(min(x, u),v),
T (min(y,v), z)T (min(y, v), u))
= min (T(min(x, w), min(y, v)),
. T(min(y,v),min(x,u)))
= T'(min(xz, u), min(y, v))
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Point 5. can be shown applying similar monotonicity arguments. O

Taking our three basic left-continuous t-norms, we obtain the following
biimplications:

o 1 ifa=y
Tulzy) = { min(z,y) otherwise

. 1 ifx=y=0
Tp(x,y) = min((‘”’y)) otherwise
max(z,y

Ty, (2, y) 1 — |z —y|

2.2.4 A Short Remark on Fuzzy Logic

The reader may have observed that the popular term “fuzzy logic” has not
yet appeared until now—a term which has been used excessively as general
expression for a lot of topics related to fuzzy sets?, even if completely apart
from logic. In order to overcome this misconception, it is now common to
distinguish between fuzzy logic in the narrow and in the broad sense®. While
fuzzy logic in the broad sense still covers anything related to fuzziness, fuzzy
logic in the narrow sense, nowadays, appears to be an important subbranch
of many-valued logic. Let us mention briefly what the basic elements of fuzzy
logic in the narrow sense are.

First of all, the unit interval [0,1] equipped with a de Morgan triple
(T, S, N) does not necessarily provide the properties for being regarded seri-
ously as a kind of logic (consider, for instance, non-transitivity which inhibits
sequential deduction). Residuation based on continuous t-norms, however,
offers a way to define algebraic structures with “real logical properties”. More-
over, by adding the unary operation

Nr(z) = T(,0),

which is easily proven to be a negation [26], one can define t-norm-based
propositional logics. For Ty, the so-called Gédel logic is obtained. Starting
from Tp results in the so-called product logic, while taking T1, produces what
is commonly called Eukasiewicz logic. Any of these three logics is sound,
complete, and axiomatizable [27]. Reversely, the axioms of these logics can
be used as defining properties of generalized algebraic structures for many-
valued logics, such as Heyting algebras corresponding to Godel logic, MV-
algebras corresponding to Lukasiewicz logic, and product algebras based on
the axioms of product logic.

2Note that the expression “fuzzy logic” was established a considerable time after Zadeh’s
introduction of fuzzy sets.
3In fact, it was Zadeh himself who first claimed this distinction.
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Moreover, by introducing the infimum as universal and the supremum
as existential quantifier, it is possible to construct even predicate calculi
based on t-norms. Only for Gddel logic, however, a recursively axiomatizable
calculus is obtained, but neither for Lukasiewicz nor product logic [27].

2.3 The Extension Principle

While the purpose of the previous section was to provide fuzzifications of
set operations, we shall now discuss how to extend ordinary crisp-to-crisp
mappings such that they can be applied even to fuzzy sets. In the two-
valued case, the image of a set M C X under a function f : X — Y is
usually defined as

fM)={yeY [FxeM: y=f(x)} (2.8)
If we consider an arbitrary element y € X, (2.8) immediately implies
yef(M) — (JxeM: y= f(x))

which can be translated to the fuzzy case directly by replacing the existential
quantifier with the supremum. This idea is known as the so-called eztension
principle and goes back to Zadeh |76, 77, 78|.

2.38. Definition. For a function ¢ : X — Y, the ezxtension to fuzzy sub-
sets is defined as an operator ¢ : F(X) — F(Y), where the image of a
fuzzy subset A € F(X) is represented by the membership function (with the
convention sup ) = 0)

g0 (@) = supfjia(u) | & = ¢(u)}. (2.9)

The next theorem shows that the extension is nothing else than applying
the function to each strict a-cut in the sense of (2.8).

2.39. Lemma. For a function ¢ : X — Y and a fuzzy subset A € F(X)
the following holds:

Va €10,1) : [o(A))a = ¢([Ala)

Proof. Let ¢, A, and «a be arbitrary but fixed:

[H(A)]a

{y €Y |sup{ua(z) |y = d(x)} > a}

{yeY |FreX: y=o(x)Apa(z) > a}
{yeY |z e(Ala: y=09(2)}

¢([Ala) O
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Sometimes, the term extension principle is used generally whenever func-
tions, properties, etc., are generalized to fuzzy sets just by applying them
to each (strict) a-cut. Lemma 2.39 gives a motivation for this alternative
understanding of the extension principle.

If we are considering an n-ary function of the type
Yv: Xy x---x X, —Y,

the extension (2.9) can be applied to any fuzzy subset of the product space
Xy x -+ x X, without any modification. If, however, only fuzzy subsets
of the single components A; € F(X;) are known, the computation of the
extension, first of all, requires a way for combining them to a kind of fuzzy
Cartesian product.

2.40. Definition. For fuzzy subsets A and B of domains X and Y, respec-
tively, the fuzzy Cartesian product of A and B with respect to a t-norm T is
represented by the following membership function:

HAxTB : X XY — [Oal]
paxeB(r,y) — T(pa(x),ns(y))

Since t-norms are associative, this construction can be generalized induc-
tively to the n-ary case in a straightforward way.

2.41. Definition. Consider a Cartesian product X = X7 x --- X X, a
t-norm T, and a mapping ¥ : X — Y. For fuzzy subsets Aq,..., A, of
Xi,...,X,, respectively, the T-extension zﬁ(Ah... , Ay) is represented by
the membership function

ican.. an W) =sup{T(pa, (x1), .. pa, (zn)) |y = (@1, 20)}.

Obviously, this means nothing else than just the application of the ex-
tension (2.9) to the Cartesian product A; xp--- xp A,. Hence, Lemma 2.39
entails

[W(A1, ... Ap)la = U([A1 X7 X7 Apla).
As it is easily verified that

[A1 X1y -+ Xy Anla = [A1]a X -+ X [An]a,
we obtain the following result.

2.42. Corollary. The Tyj-extension @E of an arbitrary n-ary mapping
admits the following resolution:

~

Va €[0,1) : [(Ar,... . Ap)]a = ¥ ([A1]a X -+ X [A4]a)
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2.4 Binary Fuzzy Relations

2.4.1 Basic Notions and Properties

2.43. Definition. A function R : X xY — [0,1] is called (binary) fuzzy
relation of type (X,Y). The value R(x,y) is interpreted as the degree to
which an x € X and a y € Y are in relation. If X =Y we say that R is a
fuzzy relation on X.

Of course, a fuzzy relation R is nothing else than a fuzzy subset of X x Y.
Therefore, the distinction between R and its membership function ugr seems
to be appropriate. Nevertheless, thinking of a fuzzy relation rather as a
two-placed fuzzy predicate than as a fuzzy subset, we will simply omit this
distinction.

2.44. Definition. Let N be a negation. If R is a fuzzy relation on a domain
X, its inverse R~ and its dual R? are defined as

R~ Y(z,y) = R(y, x),
RY(x.y) = N(R(y. x)).

While it is obvious how to define intersections, unions, and complements
of fuzzy relations (see Definition 2.21 and 2.27), an important operation is
the composition with respect to a given t-norm.

2.45. Definition. Assume that R is a fuzzy relation of type (X,Y) and Q
is a fuzzy relation of type (Y, Z). Then the T-composition R o Q, where T
denotes a t-norm, is defined as follows:

RorQ: XxZ —s [0.1]

(z,2) +—— supT(R(z.y),Q(y.2))
yey

It is worth to mention that the computation of the T-composition is an
associative operation which is monotonic in both components with respect
to the inclusion:

RiCRy = RiorQC RyorQ
Q1 CQy = RorQi CRorQs

As in the crisp case, there are some outstanding properties of fuzzy rela-
tions which are of special importance.
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2.46. Definition. Consider a fuzzy relation R on a domain X, where T
denotes a t-norm and S denotes a t-conorm:

1. R is called reflezive if and only if
Vee X: R(v,z)=1.

2. R is called irreflezive if and only if
Vxe X: R(x,x)=0.
3. R is called symmetric if and only if

Ve,y € X R(z,y) = R(y, x).

4. R is called T-asymmetric if and only if
Vo,y € X @ T(R(x,y), R(y,x)) = 0.

5. R is called T-antisymmetric if and only if

Vo,y € X v #y = T(R(z,y), R(y,v)) = 0.

6. R is called T'-transitive if and only if

Va,y,z € X : T(R(x,y), R(y,2)) < R(x, 2).

7. R is called negatively S-transitive if and only if
Va,y,2 € X @ R(x,2) < S(R(z,y), R(y, 2))-

8. R is called T-S-Ferrers if and only if

Va,y,u,v € X0 T(R(x,y), R(u,v)) < S(R(x,v), R(u,y)).

Note that, in the framework of fuzzy propositional logic (see 2.2.4), x <y
can be interpreted as “xr — y is a tautology” (see Lemma 2.32). Conse-
quently, the meaning of T-transitivity is that the following is always true:

“r and y are R-related” and “y and z are R-related”
implies that
“r and z are R-related”

There are numerous results concerning the representation of T-transitive
fuzzy relations. Since they are of no practical relevance for our further stud-
ies, the reader is referred to literature [18, 53, 64].

Another way of “ranking” t-norms is the concept of dominance. As we will
see immediately, it directly corresponds to the preservation of T-transitivity.
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2.47. Definition. A t-norm T; is said to dominate another t-norm 15 if
and only if, for any quadruple (21,2, 3,24) € [0, 1]?, the following holds:

To(Tv (21, 22), Th (23, 24)) < Ty (To(21, 23), To (22, 24))

It is known [12] that dominance is a reflexive and antisymmetric relation
on the set of t-norms, while it is still unclarified whether it is transitive.

One can easily verify that Ty dominates any t-norm 7', as well as any
t-norm dominates the weakest t-norm Tyw. Moreover, a t-norm 77 can only
be dominated by another T if T} is weaker than T5, where the reverse does
not hold in general.

2.48. Lemma. Consider two t-norms Ty and Ty. The Ty-intersection of
any two arbitrary Ti-transitive fuzzy relations is Ty -transitive if and only if
T dominates T;.

Proof. See [12]. O

2.4.2 Congruence and Hulls

The notion of congruence will be especially important for all further inves-
tigations. Originally defined for fuzzy equivalence relations under the term
“extensionality” (see 2.4.3), we will define a generalization for arbitrary re-
flexive fuzzy relations. Most of the results are straightforward adaptations
of those presented in [34]. Throughout this subsection, R denotes a reflexive
fuzzy relation on a domain X and T denotes a left-continuous t-norm.

2.49. Definition. A fuzzy subset A € F(X) is called R-congruent if and
only if

Vo,y € X T(pa(), R(x,y)) < pal(y).

The meaning of congruence is that, for all elements x of A, also all y are
contained in A which are in relation with z, i.e., that A is somehow closed
under R.

2.50. Lemma. For any fuzzy set A € F(X), R-congruence is equivalent to
Vo,y€ X R(x,y) <T(uax), pa(y))- (2.10)

If R is, in addition, symmetric, A is R-congruent if and only if the following
inequality holds:

¥r,y € X ¢ R(v,y) < T(pa(x). 1aly)) (2.11)
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Proof. The first proposition follows directly from the definition of the re-
siduum (cf. Definition 2.28). On the other hand, swapping x and y, we
obtain

T(pa(y), R(y, ) < pa(@).

Taking again the definition of the residuum and the symmetry of R into
account, we get

R(z,y)
R(z,y)

Hence, the following must hold:

R(z,y) < min (T (pa(@). 0a®), T(1aly). pa(z))) = T(pale), paly))

The opposite direction is, of course, trivial if we consider (2.10). O

(a(x), pa(y)),
(1a(y), pa(z)).

IN A
ML

The next assertion, which turns out to be extremely helpful later, follows
immediately from (2.10).

2.51. Corollary. Let Q be another reflexive fuzzy relation. If a fuzzy subset
A is R-congruent and Q < R, then A is also Q-congruent.

The next result clarifies in which way congruence is preserved for Tyg-
intersections, both finite and infinite.

2.52. Lemma. For a family of R-congruent fuzzy subsets (C;)icy, their
suprema and infima with respect to inclusion, which are represented by the
membership functions

sup fic; (x) inf pc,(v)
el el

are also R-congruent. If the index set I is finite, the same holds even if T is
not left-continuous.

Proof. For arbitrary x,y € X, we know that

T(pc; (), R(x,y)) < pe;(y) (2.12)

holds for all ¢ € I which implies that

sup T (pe; (z), R(z,y)) < sup pc; (y)-
el i€l

Then left-continuity of T yields

T (sup puc; (x), R(x,y)) < sup pc; (y).
€1 €1
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Inequality (2.12) also implies
inf T'(ue, R <inf pc,
inf T(pc, (2), R(z,y)) < infpuc, (y),
which, together with Lemma 2.13, finally entails

. | oy (o)
T (yg pe; (z), R(z,y)) < yg e, (y)

In the case of a finite index set I, the monotonicity of t-norms is sufficient
for the validity of the assertions regardless whether T is left-continuous. [J

2.53. Definition. The hull with respect to R of a fuzzy set A € F(X),
denoted Hp(A), is represented by the membership function

Py (@) = sup{T(na(y), R(y,x)) | y € X}. (2.13)

2.54. Lemma. Provided that R is T-transitive, Hp(A) is the smallest R-
congruent superset of A.

Proof. First of all, reflexivity trivially implies that A C Hr(A):

trg(a)(x) = sup{T(na(y), R(y,x)) | y € X} = T(pal(x), R(z,2)) = pa(z)

For proving that Hr(A) is R-congruent, consider the left-continuity of T and
the T-transitivity of R:

Al
0
=
ko]
—~~
==
=
b
=

If B is an arbitrary R-congruent superset of A we obtain, for all y € X,

pp(x) = T(up(y), Ry, x)) = T(paly), R(y, x))
Hence, we can even take the supremum on the right-hand side, i.e.,
pp() > sup{T(pa(y), R(y,z)) |y € X} = pgga)(2),
which shows that B must be a superset of Hr(A). O
From the above lemma, some fundamental properties can be deduced

which we will need frequently when considering hulls with respect to fuzzy
orderings in Chapter 5.
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2.55. Corollary. Provided that R is additionally T-transitive, the following
propositions hold:

1. The hull operation is idempotent: Hr(Hpr(A)) = Hr(A)
2. The operator Hg is monotonic with respect to the inclusion:

ACB = Hpg(A) C Hg(B)

3. Hg can be represented in a dual way:
Piga)(x) = inf{up(x) | B is an R-congruent superset of A}

2.56. Remark. The notion of congruence and the term “hull” are only
meaningful if the relation R is reflexive. However, there is no serious mathe-
matical obstacle not to apply the operation (2.13) even if R: X x Y — [0, 1]
is not reflexive and X # Y, with the only difference that this formula should
rather be interpreted as the image of a fuzzy set A under a fuzzy relation R.

Consider the special case that R represents the graph of a crisp function
f: X—=Y:

_ 1 ify=f(a)
Ry(x,y) = { 0 otherwise

It is easy to check that computing the image with respect to R is equivalent
to the extension principle (2.9). Even more important, if R can be considered
as a relational formulation of a fuzzy knowledge or rule base, the fundamental
inference mechanism of approximate reasoning—the so-called compositional
rule of inference—is obtained |5, 26, 40, 46, 47].

2.4.3 Fuzzy Equivalence Relations

Before we turn to the actual objects of our studies—fuzzy orderings—Iet
us give a brief overview of fuzzy equivalence relations. Fuzzy equivalence
relation play an outstanding role in fuzzy set theory as crisp equivalence
relations do in the classical theory. The axioms of fuzzy equivalence relations
are, more or less, straightforward fuzzifications of the classical three axioms
of equivalence relations—reflexivity, symmetry, and transitivity.

Fuzzy equivalence relations were introduced in 1971 by L. A. Zadeh [74]
under the name similarity relations (only for Ty, the generalization to t-
norms has been introduced later [63]). This term already gives a clue that
they were intended to be models of gradual equality or, more generally, equiv-
alence, as anticipated in Chapter 1. We will use the term fuzzy equivalence
relation in the following, since it reveals the mathematical motivation behind
the axioms in the best way. Other names, which have been used the past 27
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years, sometimes in connection with a specific t-norm, are equality relation
[33, 35], fuzzy equality [29], indistinguishability relation [29, 63, 64], likeness
relation [11], and proximity relation [15].

2.57. Definition. A fuzzy relation F on a domain X is called fuzzy equiv-
alence relation with respect to a t-norm T, for brevity T-equivalence, if and
only if it is reflexive, symmetric, and 7T-transitive. In addition, F is called
separated if and only if

Ve,y e X: E(x,y) =1z =uy.
A separated fuzzy equivalence relation is called fuzzy equality.

2.58. Lemma. Basic relationships:

1. Every crisp equivalence relation is a fuzzy equivalence relation with
respect to any t-norm. Among crisp equivalence relations, however,
the crisp equality is the only one which is separated.

2. For every fuzzy equivalence relation, the kernel is a crisp equivalence
relation. For any Ta-equivalence, each a-cut (both strict and non-
strict) is an equivalence relation.

3. If Ty <Ts, any Ts-equivalence is also a Ti-equivalence.
Proof. 1. and 3. trivial; 2. see |74]. O

As mentioned above, fuzzy equivalence relations can be regarded as mea-
sures of similarity. In functional analysis and topology, (pseudo-)metrics, as
they can be considered as measures of distance, are the common concept
of similarity. Now we will briefly discuss the relationships between fuzzy
equivalence relations and pseudo-metrics.

2.59. Definition. A mapping d : X2 — [0,0cc] is called pseudo-metric on
X if and only if the following axioms hold for all z,y,z € X:

(1) d(z,x)=0 (homogeneity)
(i) d(z,y) = d(y,x) (symmetry)
(1ii) d(z,z) < d(z,y) +d(y,z) (triangle inequality)

Moreover, d is called metric if strong homogeneity holds:

Ve,y e X: d(z,y) =0« =y

The fundamental result, which comes next, establishes construction prin-
ciples for defining fuzzy equivalence relations from pseudo-metrics and vice
versa.
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2.60. Theorem. Let us consider an Archimedean t-norm T with an additive
generator f.

1. For any pseudo-metric d, the mapping E;: X% — [0,1] defined as

Bq(z,y) = f~! (min(d(z, y), £(0))) (2.14)

is a T-equivalence. Eg is separated if and only if d is a metric.

2. Provided that E is a T-equivalence on X, we can define a pseudo-metric
dp : X2 = ]0,00] as

dp(z,y) = f(E(z,y)) (2.15)

which 1s a metric if and only if E is a fuzzy equality.

Proof. Both assertions have been proven in [11] and [50], where the duality
between T-transitivity and the triangle inequality has originally been dis-
covered by S. V. Ovchinnikov [56]. So, we can restrict ourselves to proving
the correspondence between strong homogeneity and separability (note that
f is strictly increasing and continuous and that f(1) = 0):

1. First of all, if d(x,y) = 0 implies E4(x,y) = 1. On the other hand,
By(x,y) = f~'(min(d(z,y), f(0))) =1
implies that
min(d(z, y), f(0)) = f(1) = 0.
Finally, we obtain the equivalence
Ei(z,y) =1 = fHdz,y) =1 <= dz,y) =0,

which immediately implies that Fy is a fuzzy equality if and only if d
is a metric.

2. Similarly to 1., we can deduce from the equivalence
dp(z,y) =0 < f(E(z,y)) =0 < E(z,y) =1
that dg is a metric if and only if F is separated. O

Due to the three axioms, all results provided in 2.4.2 hold for fuzzy equiv-
alence relations if the underlying t-norm is left-continuous. In accordance to
the original definition of congruence for fuzzy equivalence relations, let us
make the following convention.
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2.61. Definition. If F is a fuzzy equivalence relation on X with respect
to a left-continuous t-norm 7', an E-congruent fuzzy subset A of X will be
called extensional. Consequently, Hp(A) will be called extensional hull, for
which we will often use the symbol EXT(A).

There are a lot of constructions and representations for fuzzy equivalence
relations [40, 64]. We will restrict ourselves to those which are significant in
our further investigations. An important result is how T-equivalences on a
product space can be defined by means of T-equivalences on the component
spaces (see [40] for T = T).

2.62. Theorem. Let the fuzzy relations Eq,... , E, be T-equivalences on
the domains X1, ..., X,, respectively. If a t-norm T dominates T, the map-

ping
E: (X;x---xX,)? — [0,1]

(oo sw) G a) — T i)

defines a T-equivalence on X1 X -+ X X,,. E is separated if and only if all
component relations E; are separated.

Proof. Of course, reflexivity and symmetry are trivial to prove. T-transitiv-
ity follows directly from Lemma 2.48 if one considers F as the T-intersection
of the following “cylindric extensions”:
Ei: (X1 x---xX,)? — [0,1]
(@15 s 2n)s Y1y e yn)) — Ei(2i,y5)

The last assertion

E((x1,... yxn), (Y1, syn)) =1 <= (Vizlj... ,N Ei(:ci,yi)zl)

—= (Vizlj... N a:i:yi)

follows directly if we take the following obvious property of t-norms into
account:

Ve,y € [0,1]: T(z,y) =1 <= z=y=1 O

It is easy to show that the so-called symmetric kernel of a reflexive and
transitive relation (commonly called preordering) is an equivalence relation.
The fuzzy analogue also holds (see [26, 64] for the special case T'=T).

2.63. Theorem. Let R be a reflexive and T -transitive fuzzy relation on X.
If a t-norm T dominates T, the following mapping defines a T-equivalence:

ER($7 y) = T(R($7 y)’ R(y7 LC))
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Proof. Reflexivity follows directly from the reflexivity of R. Symmetry is
obvious, while T-transitivity is a direct consequence of Lemma 2.48. U

We have already discussed the example how to define a set of tall people .
This example shows one important aspect, which has already been mentioned
in Chapter 1, that gradual similarity is an inherent component of fuzziness.
The next theorem gives a description how this component of similarity can
be “extracted”.

2.64. Theorem. Consider a t-norm T and a family of fuzzy subsets (A;)icr
of X. Then the function

E: X? — [0,1]
(r.y) = T (@) pa, ()

defines a T-equivalence on X. Moreover, E is the greatest T-equivalence on
X such that all A; are extensional.

Proof. See [34, 64]. Note that the maximality is an immediate consequence
of Lemma 2.50, Eq. (2.11). O

2.4.4 Fuzzy Orderings

Needless to say, higher mathematics would be unthinkable without ordering
relations. As pointed out in Chapter 1, they play a fundamental role even
when it concerns fuzzy systems which were introduced with the objective
to model human-like decisions by taking the graduality of human thinking
and reasoning into account. Since the same graduality appears in the way
humans specify preferences, it could be useful to have a model of gradual
ordering.

It is near at hand to define fuzzy orderings by taking appropriate fuzzifica-
tions of the three classical axioms reflexivity, antisymmetry, and transitivity.

2.65. Definition. A reflexive, T-antisymmetric, and T-transitive binary
fuzzy relation is called fuzzy ordering with respect to the t-norm T, for
brevity T'-ordering.

The first definition of this type was introduced by Zadeh in 1971 [74] for
the minimum t-norm under the name fuzzy partial ordering. Accordingly, it
is near at hand how to define fuzzy preorderings.

2.66. Definition. A reflexive and T-transitive fuzzy relation is called fuzzy
preordering with respect to T', for brevity T'-preordering.

Now it remains to define a criterion for the linearity of a fuzzy ordering.
So far, there are three different important notions [18, 55, 74].
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2.67. Definition. Let T be a t-norm and let S be a t-conorm.

1. A fuzzy relation R on X is called weakly linear if and only if, for each
pair (z,y) € X2, either R(x,y) > 0 or R(y,x) > 0 holds, equivalently,

max(R(z,y), R(y,x)) > 0.

2. A fuzzy relation R on X is called S-complete if and only if, for each
pair (z,y) € X2, the following holds:

rFYy = S(R<xay)7R<yax)) =1

For convenience, we will call a Syj-complete fuzzy relation simply com-
plete.

3. A fuzzy relation R on X is called strongly S-complete if and only if,
for each pair (x,y) € X2, the following holds:

S<R(x7 y),R(y,x)) =1

Again for convenience, we will call a strongly Sy-complete fuzzy rela-
tion strongly complete or strongly linear.

2.68. Lemma. Basic properties and relationships to the crisp case:

1. Every crisp ordering is a fuzzy ordering with respect to any t-norm.
A crisp linear ordering is weakly linear, S-complete, and strongly S-
complete with respect to any t-conorm S.

2. The kernel relation of any fuzzy ordering is an ordering, regardless of
the connectives chosen.

3. For any Ty-ordering R, each a-cut (both strict and non-strict) is an
ordering. If R is additionally strongly linear, each a-cut is a linear
ordering.

4. If a relation R is a fuzzy ordering with respect to some t-norm T, it
is also a fuzzy equivalence relation with respect to any t-norm weaker
than T.

Proof. 1., 2. and 4. trivial; 3. see [74]. O

Beside the straightforward fuzzification provided in Definition 2.65, there
are considerably many other definitions [18, 55|, most of them omitting at
least one of the three axioms, some of them using dual properties, such as
negative transitivity instead. Among the “classical” axioms, reflexivity is the
one which is required least often.
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In the book by J. Fodor and M. Roubens (1994) [18], the section on fuzzy
orderings starts with the following remark:

“All the orderings in this section are T-transitive valued binary
relations. However, reflexivity does not hold in general. Instead,
antisymmetry is supposed to be satisfied.”

This apodictic statement could be understood as if reflexivity and antisym-
metry were conflicting properties which is, without any doubt, not true in
the crisp case. Moreover, no further arguments are given why the omission
of reflexivity could be desirable. We will leave this discussion to the next
chapter.

Just for the sake of completeness, Table 2.1 gives an overview of impor-
tant generalizations of fuzzy orderings.
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g
k=1
g 2
E1E ], ]a s :
s g 2 > | & =
ElN | & | &2 B|8|%
Zadeh (1971)
fuzzy ordering — — | — Ty — | —|— | —
fuzzy preordering o | — | — | Tm| — | — | — | —
fuzzy partial ordering o | — | T | T | — | — | — | —
fuzzy weak ordering — | — | — | Tl — | &« | —|—
fuzzy linear ordering — | T | — | T | — | & | — | —
Ovchinnikov (1991)
partial ordering — T | — | Tv| — | — | — | —
weak ordering — T — | — | S| — | — | —
linear ordering — T — | — | Sm| & | — | —
complete quasi-ordering — | — | — | Tu| — | — | & | —
Fodor and Roubens (1994)
partial T-preorder ° — | — ° — | — | — | —
total T-preorder o — | — ° — | — | — | e
partial T-order — | — o ° — | — | — | —
strict partial T-order — ° — ° —_ | — | — | —
total T-order — | — o ° — | — | & | —
strict total T-order — o — ° — | — | e | —

Table 2.1: Various generalized definitions of fuzzy orderings. A bullet entry
means that the property corresponding to that column is required for an
arbitrary t-norm or t-conorm. Conversely, an entry specifying a certain
connective means that the definition applies only to this operation.



Chapter 3

Overcoming the “Crispness” of
Fuzzy Orderings

3.1 A Critical View on the Existing Definitions

Without going into detail any further, we mentioned at the end of the pre-
vious chapter that there are several generalizations of fuzzy orderings, most
of them omitting reflexivity (cf. Table 2.1). In order to find motivations
for omitting fundamental properties, such as reflexivity, we will now state
some problems which arise when requiring all three classical axioms as in
Definition 2.65.

3.1.1 TImplications as Orderings?

It is a well-known and often-used fact in mathematical logic that there is
a strong connection between implications and orderings. Consider, for in-
stance, the relation

v S <= (¢ — 1 is a tautology),

where ¢ and ¢ are formulas. It is easy to see that < defines an ordering
of the set of formulas if we always consider two formulas as equal if their
evaluations coincide for all interpretations.

Moreover, in the frameworks of many-valued logics based on residuated
lattices [25] (including all algebraic structures mentioned in 2.2.4), the cor-
respondence

x <y <= (r— yis a tautology) (3.1)
holds for arbitrary truth values x and y. The equivalence

r <y <= Tﬂ(ajjy) =1 (3.2)

39
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(cf. Lemma 2.32) represents just a special case of (3.1), where the underlying
structure is ([0, 1], <) and the operations are t-norm-based. If we consider T
as a fuzzy relation on the unit interval, (3.2) states that its kernel relation
coincides with the crisp linear ordering < of the unit interval.

An interesting question is now whether Tisa fuzzy ordering of the unit
interval in the sense of Definition 2.65. The answer is simple: Lemma 2.32
yields that T is reflexive and T-transitive. If we assume T-antisymmetry,
however, we obtain

v#y = T(T(z,y),T(z,y)) =0

which actually means that the biimplication T lies below the characteristic
function of the crisp equality:

1 ife=y
0 otherwise

X=(z,y) = {

Trivially, this is violated for all three basic left-continuous t-norms.

3.1. Proposition. There is no t-norm T such that any of its residua R
satisfies the inequality

T(R(z,y). R(y,x)) < x=(z,y). (3.3)
Proof. First of all, T(R(x,y), R(y,x)) < x=(x,y) implies that

1 ifz<y
0 otherwise,

Rl = {
i.e., that R is crisp, which contradicts to R(1,y) =y (cf. Lemma 2.29). O

A trivial consequence of Proposition 3.1 is that there is no t-norm T such
that any of its residua is T-antisymmetric. Hence, we obtain that there is
no t-norm such that any of its residua can be a fuzzy ordering.

3.1.2 Inclusion Relations

It should be known that, for each non-empty crisp set X, the inclusion C is
an ordering of the power set P(X). Moreover, (P(X),N,U) is a lattice. The
same holds in the fuzzy case, i.e., C is an ordering of the fuzzy power set
F(X) and (F(X), N1y, Usy,) is a lattice.

We will now try to define a fuzzy concept of inclusion and check whether
it can be a fuzzy ordering. In the crisp case, A C B can be formulated as

VieX: € A— x € B.
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Fixing a certain left-continuous t-norm 7', we can interpret this formula in
the setting of fuzzy predicate logic (cf. 2.2.4), even if A and B are fuzzy
subsets of X. Then the degree of inclusion can be computed as

INCLy (A, B) = inf T(ua(x), pp(1)).

Of course, INCLy can be regarded as a fuzzy relation on F(X).

3.2. Remark. The relation INCL7 represents just a single variant of a vast
number of possible ways to define a gradual concept of inclusion between
fuzzy sets. In fact, it is a special case of Bandler and Kohout style fuzzy
inclusions [4]

Inf I(ua(e), s (@),

where [ is an arbitrary fuzzy implication (not necessarily a residuum). It
is, of course, far beyond the scope of this thesis to give a comprehensive
overview of fuzzy inclusions as it was was done, for instance, in [65]; we
restrict ourselves to the above example just to demonstrate the difficulties
of existing approaches to fuzzy orderings.

3.3. Lemma. For an arbitrary left-continuous t-norm T, the fuzzy relation

INCLt is a T-preordering on F(X) .

Proof. Reflexivity follows directly taking the reflexivity of T into account
(see Lemma 2.32 and Subsection 3.1.1). T-transitivity follows from Lemma
2.13 and the T-transitivity of 7' (cf. Lemma 2.32):
T (INCLy(A, B),INCLy (B, C))

=T ( inf T(pa(), up (@), inf T(up(x), pe(x))

< migf(T(T(MA(ﬂf),MB(SC))7T(/~LB($)7MC($)))

< i T(pa(@), ne(@))

— INCLy(4, 0). O

Concerning T-antisymmetry, the answer is again negative. To see that,
take an arbitrary element & € X and define A = {z} and B as

() = r ife=2,
MBI =19 0 otherwise,

with r € (0,1). Then the following degrees of inclusion are obtained:
INCLp(A,B) =T(1,r) =r
INCLy (B, A) = 1

Since T'(1,7) = r > 0, we have shown that there is no t-norm 7" such that
INCLt is T-antisymmetric. Therefore, INCL7 cannot be a fuzzy ordering,
regardless of the t-norm chosen.
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3.1.3 The Fuzzification Property

The purpose of this subsection is to introduce a criterion for checking whether
a fuzzy relation is a “fuzzification” of a crisp relation. Subsequently, we will
apply this criterion to fuzzy equivalence relations and fuzzy orderings.

3.4. Definition. Let < be a crisp relation on a set X. A fuzzy relation R
is called {-consistent if and only if the implication

Vae,y,z € X : yOz = R(z,y) < R(x, z)

holds. If, additionally, xo < R holds, R is called a fuzzification of {, short
“R fuzzifies {7

3.5. Lemma. Let R be a fuzzy relation which is {>-consistent and let O be
a subrelation of &, i.e.,

Ve,y € X : xz0y = xdy.

Then R is O-consistent. Furthermore, if R fuzzifies {, it also fuzzifies O.
Proof. Follows directly from the definition. O

The following result gives a characterization of consistency by means of
congruence.

3.6. Proposition. A reflexive fuzzy relation R is {-consistent if and only
if every vertical cut R(x,.) is {-congruent with respect to any left-continuous
t-norm T.

Proof. For arbitrary x,y,z € X and an arbitrary left-continuous t-norm 7T,
we can deduce (using Lemmas 2.32 and 2.50):

T(R(x,y),XQ(y,z)) < R(.I,Z) <~ XO(yaz) < T’(R(x,y),R(x,z))
<~ (y0z= R(z,y) < R(z,2)). O

Now we can turn to the first of the two prominent classes—fuzzy equiv-
alence relations. It is not so surprising that they fuzzify their kernel which
is a crisp equivalence relation.

3.7. Proposition. Every T-equivalence E fuzzifies its kernel equivalence
relation defined as

r~py <= E(x,y)=1. (34)



3.1. A CriTicAL VIEW ON THE EXISTING DEFINITIONS 43

Proof. Due to Lemma 2.58, ~g is an equivalence relation. Since, trivially,
X~y < E. the only thing to show is ~pg-consistency. If y ~g z, or equiva-
lently, E(y, z) = 1, T-transitivity yields the following:

—
E(z,y) =T(E(x,y),E(y,2)) < E(, 2)
E(x,z) =T(E(x,2),E(2,y)) < E(x,y)
=1
and we obtain even more:
Ve,y,2€ X: y~pz=— E(x,y) = E(x, 2) O

Before considering fuzzifications of orderings, let us take a closer look at
the consistency property in the case of a crisp ordering <:

Ve,y,z€ X: y < z= R(z,y) < R(z, 2) (3.5)

This means that a fuzzy relation R is <-consistent if and only if each vertical
cut R(x,.) is non-decreasing, i.e., the degree to which a value y is “smaller
or equal” to x is non-decreasing—a property one would naturally demand
of a fuzzification of <. The next result, however, shows that there are no
non-trivial fuzzifications of crisp linear orderings.

3.8. Proposition. Let < be a crisp linear ordering of X. Then < itself is

the only fuzzy ordering which is <-consistent and, as a consequence, the only
fuzzification of <.

Proof. Assume that a fuzzy ordering R is <-consistent. Taking reflexivity
and consistency (3.5) into account, we obtain

Vy 2 ax: R(xz,y)=1.
Then T-antisymmetry and linearity imply
Vygo: R(x,y)=0

and we have shown that R = y<. O

This result drastically shows that fuzzy orderings in the sense of Definition
2.65 are not even able to provide consistent fuzzifications of the linear order-
ing of real numbers.
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3.1.4 Reflexivity versus Antisymmetry

It is easy to see from the proof of Proposition 3.8, that the problems in
terms of consistency can be avoided if either reflexivity or antisymmetry is
dropped. Although this is never mentioned explicitly, one may suspect that
the researchers have had the problems, which arise when trying to define
fuzzifications of the linear ordering of real numbers, in mind when they
proposed non-reflexive fuzzy orderings (as shown in Table 2.1). They went
the easier way: Antisymmetry is considered as the fundamental property of
orderings. Even if reflexivity is omitted, an ordering-like structure (consider,
for instance, strict orderings) can be obtained—hence, the conflict between
reflexivity and antisymmetry was solved by the omission of reflexivity. On
the other hand, the difficulties concerning implications and inclusions are
not resolved by dropping reflexivity.

The author is deeply convinced that simply omitting axioms, however,
does not solve the problem sufficiently, since the axioms of orderings proved
to be appropriate for a long time; every single one has its own justification—
omitting just opens the field for arbitrariness. Moreover, it seems to be an
eyesore that many properties carry over to the fuzzy variant in the case of
equivalence relations, but not in the case of orderings.

Assuming that an approach is desirable, which includes all three classical
axioms, but solves all the above problems, let us try to find the actual
reasons for the difficulties. Yet the definitions of reflexivity and T-transitivity
are, more or less, straightforward. So, we should take a closer look at T-
antisymmetry, which is obviously equivalent to (compare with Eq. (3.3))

T(R(x,y), R(y,)) < x=(z,y). (3.6)

One immediately sees that this, indeed, seems to be an appropriate fuzzifi-
cation of the classical axiom of antisymmetry

(z<yny<az)=uz=y, (3.7)

where the ordering < is replaced by the fuzzy ordering R.

Reconsidering the example of the height of people, T-antisymmetry de-
mands, for instance, the following:

T(R(179.9,180.1), R(180.1,179.9)) = 0

This means that two almost indistinguishable heights have to be ranked,
more or less, crisply. Asking a human for such an ordering of heights, he/she
would naturally take it into account if two people were of about the same
height.

In this sense, the definition of T-antisymmetry is a “half-way fuzzifica-
tion”, where the crisp ordering on the left-hand side of (3.7) is replaced by
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a fuzzy ordering, while the crisp equality on the right-hand side remains
untouched.

3.9. Observation. Fuvidently, the above example shows that requiring crisp
equality in the definition of T-antisymmetry seems to contradict to the nature
of vague environments. This is even less surprising if we think of orderings
as mathematical models of expressions, such as “smaller/greater or equal”,
and, consequently, of fuzzy orderings as models of vague expressions, such
as “approzimately smaller/greater or equal”, where one immediately sees the
inherent component of similarity. This entails the requirement on fuzzy or-
derings to take gradual similarity/indistinguishability into account.

The most obvious way to overcome all the problems seems to replace the
crisp equality in (3.6) by a fuzzy concept of equality—a fuzzy equivalence
relation. As a consequence, if a fuzzy ordering should respect similarity,
the distinction between two values should not be stricter than that provided
by the fuzzy equivalence relation. Actually, this means that, following the
equivalent formulation of crisp reflexivity

Ve,ye X: z=y=2<uy,

the crisp equality should also be replaced by a fuzzy equivalence relation.

3.2 Preserving the Classical Axioms by Adding
Similarity

According to the discussions of the previous section, we can finally define the
similarity-based generalization which will be the main object of investigation
throughout the remaining thesis.

3.10. Definition. A T-transitive fuzzy relation L : X2 — [0,1] is called
fuzzy ordering with respect to a t-norm T and a fuzzy equivalence relation
E. for brevity T-E-ordering, if and only if it additionally fulfills the following
two axioms:

(1) Ve,ye X: L(x,y) > E(z,y) (E-reflexivity)
(i) Vax,ye X : T(L(x,y),L(y,z)) < E(z,y) (T-E-antisymmetry)

Before turning to more sophisticated considerations, let us briefly check
in which way the above modification relates to the existing concepts of crisp
and fuzzy orderings. The following equivalence holds trivially:

L(z,z) =1 < L(z,y) > x=(2,9)

Hence, reflexivity is equivalent to y—-reflexivity, while inequality (3.6) states
that T-antisymmetry is equivalent to 7-y—-antisymmetry. We obtain that
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every T-ordering in the sense of Definition 2.65 fulfills the axioms of Def-
inition 3.10 with £ = y—. From this point of view, the new definition of
T-FE-orderings generalizes the existing concept of T-orderings just by admit-
ting an additional degree of freedom—the fuzzy equivalence relation E.

3.2.1 The Interpretation of Induced Similarities
Trivially, a T-F-ordering is a T-preordering. Quite surprisingly, also the
reverse is true in some sense.

3.11. Theorem. Suppose L to be a T-preordering and T to be a t-norm
which dominates T'. Then L is a fuzzy ordering with respect to T and

EL(xvy) = T(L(.I, y),L(y,x)).

Proof. Theorem 2.63 shows that Ep is a T-equivalence. L is obviously
FEp-reflexive and T-transitive. The t-norm T can only dominate T if it is
stronger (cf. page 28) Hence, we obtain T-E-antisymmetry:

T(L(xvy)a L(yvx)) < T(L(.I, y),L(y,x)) = EL(‘L y)' 0

In particular, the assertion of Theorem 3.11 holds for T =T and T = Ty
and we obtain a result which uniquely determines upper and lower bounds
for the underlying fuzzy equivalence relation.

3.12. Theorem. A T-preordering L is a fuzzy ordering with respect to T
and a T-equivalence E if and only if, for all v,y € X,

T(L(z.y), L(y. x)) < E(x,y) < min(L(z,y), L(y, ). (3.8)

Proof. Obviously, the lower bound
T(L(z,y), L(y,x)) < E(x,y)
directly corresponds to T-FE-antisymmetry while the upper bound
E(z,y) < min(L(z,y), L(y, ))
is equivalent to E-reflexivity. O

3.13. Corollary. Provided that a T'-preordering L is either strongly linear
or T = T\ holds,there exists a unique fuzzy equivalence relation E such that
L is a T-FE-ordering.

Proof. If L is strongly linear or T' = Ty, the lower and upper bounds in
(3.8) coincide which entails that

E(x,y) = min(L(z,y), L(y, v))

is the only T-equivalence such that L is a T-FE-ordering. O
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Adopting this point of view naively, the new approach seems to result
in the hidden removal of the antisymmetry axiom. Yet this is only true if
one does not care about the choice of the underlying fuzzy equivalence re-
lation E. If, however, a certain notion of indistinguishability in a certain
vague environment is assumed in advance, T-FE-antisymmetry has a con-
crete meaning—that the degree of non-antisymmetry is limited above by the
degree of indistinguishability.

The existence of an E such that a T-preordering L is a T-FE-ordering
only implies that L can be considered as a reasonable concept of ordering
if one can consider E as a reasonable concept of indistinguishability in the
given environment—otherwise the relation F is of no practical use and its
introduction is purely artificial. In this sense, the above two theorems provide
criteria for checking whether a given fuzzy preordering has a reasonable
interpretation as fuzzy ordering.

In any case, one should not neglect that the same problems can appear
even in the crisp case. Considering the example of formulas given in 3.1.1, it
is easy to recognize that it is definitely not always a trivial task to specify a
proper concept of equality. In many cases, the term “equal” is nonchalantly
used when meaning “equivalent”. While it is easy to prove that any crisp
preordering is antisymmetric up to its symmetric kernel, which is an equiva-
lence relation, a preordering is only acceptable as ordering if the symmetric
kernel is an acceptable concept of equality. In which way this—sometimes
implicit—factorization can be transferred to the fuzzy case will be studied
later.

3.14. Example. In 3.1.1 and 3.1.2, two binary fuzzy relations where dis-
cussed, which could be regarded as fuzzy orderings intuitively, but turned out
to be only fuzzy preorderings. Now, in the more general framework, The-
orem 3.11 guarantees that there are fuzzy equivalence relations such that
both can be interpreted as fuzzy orderings. According to the above discus-
sions, it remains to check whether the induced fuzzy equivalence relations
are reasonable concepts of indistinguishability.

First of all, for an arbitrary left-continuous t-norm 7', we obtain that T
is indeed a fuzzy ordering with respect to T' and

T(T (x,y), T (y,2)) = T(z,y).

Since, T is almost the only imaginable concept of equivalence in logical
terms, we see that T can be interpreted seriously as a fuzzy ordering. Fur-
thermore, as obvious from Lemma 2.37, Point 2., the biimplication T is
separated. Therefore, the problems stated in 3.1.1 are perfectly solved in
the new framework.
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Now let us consider the symmetric kernel of the inclusion relation INCLr,
where, according to Theorem 3.11, we use T' = Ty;:
Twm (INCL7 (A, B), INCLy(B, A))
= min (gg’(T(MA(l’)?MB(»”L‘)),f’jgf(T(MB(ﬂi),uA(ﬂf)))
= inf min (T(palx), pp(x)), T (up(x), pa(x)))
= inf T(ua(x), pp ().

We see that INCL7 induces the fuzzy equivalence relation

SIMr (4. B) = inf T(na(x), pp())

which is a well-known fuzzy relation for measuring the similarity of fuzzy
sets, at least for T' = Ty, [40, 58, 67]. As a matter of fact, SIMy (A, B) turns
out to be a fuzzy equality, too:
SIMy(A4,B) =1 < in}f(?(uB(x),MA(x)) =1
S

— (VzeX: T(pa(z),up(x)) =1)

— (Vo€ X: pa(x) =pup(x))

— A=1B

So, we have also resolved all the difficulties concerning inclusions.



Chapter 4

Constructions and
Representations

The purpose of this chapter is twofold. Firstly, we try to investigate in
which way properties of fuzzy orderings are preserved by elementary oper-
ations, such as basic set connectives, compositions, or Cartesian products.
This study also includes characterizations of inverse and dual relations as
well as the attempt to transfer factorization with respect to the underlying
equivalence to the fuzzy case. Secondly, a positive answer is given to the
question whether the new, generalized framework of fuzzy orderings is able
to provide non-trivial fuzzifications of crisp (linear) orderings.

4.1 Applying Connectives to Fuzzy Orderings

4.1.1 Intersections and Unions

It is easy to see that the conjunction of two crisp orderings is again an
ordering. This basic fact carries over to the fuzzy case without any serious
restrictions.

4.1. Theorem. Suppose that L1 is a T-Eq-ordering on X and Ly is a T'-
Es-ordering on X. If T is a t-norm, which dominates T,

L(l’,y) = T(Ll(xay)7L2($7y))
1s a T-E-ordering with
E(xvy) = f(El(%,y),E2($,y))

Proof. One easily verifies that F is indeed a T-equivalence [12], where re-
flexivity and symmetry are trivial, while T-transitivity follows from Lemma

49
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2.48. Trivially, L is E-reflexive simply because of the monotonicity of t-
norms. We obtain T-F-antisymmetry as another consequence of dominance:

T(T(Li(2,y), La(,y)), T(La(y, x), La(y, x)))
< T(T(Li(2,y), Li(y, ), T(La(,y), La(y, x)))
< T(Ei(x,y), Ex(x,y))
= E(z,y)
Finally, as above, T-transitivity of L also follows from Lemma 2.48. O

~ As an immediate consequence of Theorem 4.1, we can deduce that, if
T = T and E; = FEs, even the underlying fuzzy equivalence relation is
preserved.

4.2. Corollary. For any two T-E-orderings Ly and Lo, the intersection
with respect to the minimum t-norm

L(z,y) = min(Ly (2, y), L2 (2, y))

1$ also a T-E-ordering.

The assertions of Theorem 4.1 and Corollary 4.2 hold analogously for any
finite intersection of fuzzy orderings, basically because dominance inductively
carries over to the n-ary case:

T(T(xlw-- axn)vT(yla--- 7yn)) :T(T(xhyl)v"' aT(xnayn))

Moreover, Lemma 2.13 provides the basis for a kind of “transfinite” domi-
nance:

T (inf x;, inf y]) < inf 1nfT(:L’Z, y;) < 1nfT(:c“yz) (4.1)
i€l j€E el gel

4.3. Corollary. Let (L;)ic; and (E;)ic; be two families of fuzzy relations
on X such that each L; is a T-E;-ordering. Then

i€l
1s a T-FE-ordering, where

E(z,y) = inf Ey(z,y).

Proof. E-reflexivity is trivial as well as reflexivity and symmetry of E. T-
FE-antisymmetry and T-transitivity of £ and L can be deduced easily with
the help of inequality (4.1). O
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Figure 4.1: Two simple crisp partial orderings the union of which is neither
transitive nor antisymmetric. According to Example 4.4, the left graph shows
<; while the right graph depicts <s. Circles around elements should express
that the elements are in relation to themselves.

Computing the union of two fuzzy orderings, however, does not neces-
sarily yield a fuzzy ordering. Trivially, reflexivity is preserved by the union.
Yet this is the only of the three properties which generally holds for unions.
Consider the following simple counterexample which demonstrates that an-
tisymmetry and transitivity can both be violated even by unions of crisp
orderings.

4.4. Example. For X = {a,b,c,d}, let the two partial orderings <; and
<5 be defined as follows:

Sl‘abcd Sg‘abcd
all 0 0 O all 0 0 O
b1 1 1 1 b0 1 0 O
cl0 0 1 1 cl1l1 0 1 0
dl0o 0 0 1 d|1 1 1 1

As easy to see from the Hasse diagrams in Figure 4.1, both relations are
partial orderings. The union relation, let us denote it with <, is represented
by the following table:

a d
1 0
1 1
1 1

L a o>~|A
—_ O = O
—_ == O

1

Transitivity is violated, since ¢ < d and d < b but ¢ 4 b. Obviously, anti-
symmetry does not hold either because, for example, ¢ <t d and d < c.

1

4.1.2 Compositions

Now let us consider what happens if we compute the composition of two
fuzzy orderings. The next lemma provides the basis for a quick, but negative
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answer.

4.5. Lemma. For any two reflexive fuzzy relations Ry and Ry on some
domain X, the following inequality holds:

\V/£C7y €X: ,U'R10R2($7y) > maX(R1($,y)7R2($,y))-

Proof. Taking reflexivity of both relations into account, we obtain the in-
equalities

MR1OR2($7y) = supT(Rl(x,z)ij(z,y)) > T(Rl(x,y)7R2(y,y)) = R1($,y)7

zeX

HRioR (SE, y) = Su}I?T(Rl(x’ 2)7 RZ('Za y))Z T(Rl(x’ JI), RZ(:U) y)) = RQ(:U’ y)v
zZe

which, together, prove the assertion. O

A trivial consequence of Lemma 4.5 is that reflexivity is again pre-
served while antisymmetry cannot be satisfied if it is already violated for
the Snp-union. Hence, the situation concerning antisymmetry in Example
4.4 cannot be better. If we compute the compositions of these two relations!
<1=<1 0 <5 and <9=<4 o <y, the following result is obtained which shows
that T-transitivity is not preserved by compositions either:

<11‘abcd <12‘abcd
all 0 0 O all 0 0 O
b1 1 1 1 b1 1 1 1
cl1l 1 1 1 cll 0 1 1
d|1 1 11 d|1 1 1 1

4.1.3 Cartesian Products

In the crisp case, there are basically two approaches to define orderings of
product spaces by means of orderings of the component spaces—Cartesian
products, i.e., the conjunction of component relations, and lexicographic
composition. While there is not yet a clue how to define fuzzy lexicograph-
ical orderings meaningfully for non-trivial cases, the construction of fuzzy
orderings by Cartesian products is a straightforward task.

4.6. Theorem. Let us consider a finite family of crisp sets (Xy,...,Xy),
an arbitrary t-norm T, and two families of fuzzy relations (L, ... ,Ly) and

1For finite domains, the composition can be computed efficiently as generalized matrix
product, where product and sum have to be replaced by the t-norm and the supremum,
respectively.
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(Er,..., Ey) such that, for alli € {1,... ,n}, E; is a T-equivalence on X;
and L; is a T-E;-ordering on X;. If a t-norm T dominates T, the mapping

L: (Xix---xX,)? — [0,1]

((3317"' axn)’(yla"' 7yn)) — lggn["l(xhyl)

is a fuzzy ordering with respect to T and the fuzzy equivalence relation

E((xl,... s Tn)s (Y1s - - ,yn)) = T E;(zi,yi)-

1<i<n

Proof. Theorem 2.62 already shows that E is a T-equivalence. It is trivial
to see that the cylindric extension of every L;, i.e.,

Li((x1, -« wn), (Y1s- - s n)) = Li(wi, yi)

is a fuzzy ordering on (X7 X --- x X,,) with respect to 7" and the cylindric
extension of Fj:

Ei((xlv s axn)a (ylv cee 7yn)) = Ei<xia yi)
Then the result follows directly from Theorem 4.1. O

4.7. Corollary. Analogously, the assertion of Theorem 4.6 still holds for
T =T even if the Cartesian product is not finite, i.e.,

L((zi)ier, (yi)ier) = 12}: Li(zi,yi)

is a T-E-ordering, where

E((zi)ier. (yi)ier) = inf Ei(i, i),
if, for all 1 € I, L; is a T-E;-ordering on X;.

Proof. Consider the cylindric extensions as in the proof of Theorem 4.6 and
apply Corollary 4.3. O

4.2 Inverses and Duals

The reader may have observed that the previous considerations excluded
one elementary set operation—the complement. As obvious from Definition
2.44, there is a strong connection between the complement, the inverse, and
the dual of a fuzzy relation. Before turning to less trivial treatments, let us
quickly dispatch the inverse.
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4.8. Lemma. A fuzzy relation L is a T-E-ordering if and only if its inverse
L= is a T-E-ordering. Any of the following properties holds for L if and
only if it holds for its inverse: Weak linearity, S-completeness, strong S-
completeness, T-S-Ferrers property. Moreover, both lower and upper bounds

in (3.8) coincide for L and L '.
Proof. Trivial. U

As an important consequence, when considering any of these properties,
there is no need to treat complements and duals differently, since a dual
relation is nothing else than the inverse of the complement. Hence, all of our
basic properties of fuzzy relations hold for the dual if and only if they hold
for the complement.

Throughout the remaining section, let (7,5, N) be a de Morgan triple,
where the negation IV is supposed to be an involution.

Already in the crisp case, not even reflexivity is preserved for the com-
plement or dual. We will, however, not restrict ourselves to listing properties
which do not hold; the main objective of the present investigation is to formu-
late so-called dual properties which hold for the dual if and only if they hold
for the original relation. Let us start with the simpliest property—reflexivity.

4.9. Proposition. Suppose that E is a T-equivalence. A fuzzy relation R
1s E-reflexive if and only if its dual is E-irreflexive, i.e.,

Vr,y € X : Rx,y) < EYx,y).
Proof. Follows trivially from the monotonicity and bijectivity of N. O

If one considers the value L(x,y), where L is a fuzzy ordering, as the
truth value of the fuzzy proposition “x is smaller or equal than 4", an intuitive
interpretation of E-irreflexivity could be that “x is strictly less than y or x
and y are incomparable” always implies that x and y must be distinguishable.
As an immediate consequence of the above correspondence, we obtain that
a fuzzy relation R is reflexive if and only if R? is irreflexive.

Considering the dual of a T- E-antisymmetric relation yields a generalized
notion of completeness.

4.10. Proposition. A fuzzy relation R is T-E-antisymmetric if and only if
its dual R is S-E-complete, i.e.,

Va,y € X : El(z,y) < S(RY(z,y), Ry, x)).
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Proof. Taking into account that IV is an involution and that (7', S, N) fulfills
the first de Morgan law, it follows that T-F-antisymmetry is equivalent to
E'(z,y) = N(E(z,y)) < S(N(R(x,y)), N(R(y, z)))

= S(R!(z,y), R(y, ). O
The notion of S-FE-completeness can be considered as a straightforward
relaxation of S-completeness which also takes indistinguishability into ac-

count. As a special case, we obtain from Proposition 4.10 that T-antisym-
metry is dual to S-completeness.

Applying the same arguments, one can prove several other important
dualities between properties of fuzzy relations. We will summarize them in
the next proposition.

4.11. Proposition. The following holds for any fuzzy relation R:

1. R is T-transitive if and only if its dual R? is negatively S-transitive.

2. R is strongly S-complete if and only if the dual relation R® is T-
asymmetric. As a consequence, R is strongly linear if and only if R®
18 T -asymmetric.

Proof. Both assertions follow straightforwardly from monotonicities and the
de Morgan laws [18]. O

Since symmetry is of no further interest for the study of fuzzy orderings?.
the last property to be investigated is the T-S-Ferrers property. As a matter
of fact, it appears to be the only one of the properties we consider here except
symmetry which is self-dual in general (this correspondence has already been
observed by Ovchinnikov [55] for the case (T,.S,N) = (Tm, Sm, Ns)).

4.12. Proposition. A fuzzy relation R is T-S-Ferrers if and only if R? is
T-S-Ferrers.

Proof. If we take arbitrary a,b,c,d € X, the T-S-Ferrers property
T(R(a.b), R(c,d)) < S(R(a,d). R(c,b))
is equivalent to
N(T(R(a,b), R(c,d))) > N(S(R(a.d), R(c,b))).

With the de Morgan law and the definition of the dual relation, this is
equivalent to

S(RY(b,a), RY(d,c)) > T(RY(d,a), R4 (b, c)).

2One easily verifies that symmetry is self-dual.
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R fulfills R fulfills
reflexivity = irreflexivity
E-reflexivity —= E-irreflexivity
symmetry < Symmetry
T-antisymmetry —= S-completeness
T-E-antisymmetry = S-E-completeness

T-transitivity <= negative S-transitivity
strong S-completeness —= T-asymmetry

strong linearity = Thvi-asymmetry
T-S-Ferrers property —= T-S-Ferrers property

Table 4.1: An overview of dualities between properties of fuzzy relations.

Substituting x for d, y for a, u for b, and v for ¢, we obtain
T(R(x,y), R (u,v)) < S(R%(x,v), R (u,y))

which completes the proof. O

Table 4.1 shows an overview of dualities between the properties we have
considered. Since the negation NN is supposed to be an involution, R = (R%)?
always holds and we can swap R and R? in all above results without any re-
striction. Hence, duality between properties is always symmetric. Moreover,
with Lemma 4.8, we can also replace R? by the complement in all the above
considerations.

Collecting all relevant dualities, we obtain the following characterization
of duals of fuzzy orderings.

4.13. Corollary. A fuzzy relation L is a T-E-ordering if and only if its
dual LY is E-irreflexive, S-E-complete, and negatively S-transitive.

Since they are of special importance in our further studies, let us consider
strongly linear fuzzy orderings in more detail. Immediately, we see that the
dual of a strongly linear fuzzy relation is Thj-asymmetric. However, we can
show even more than that:

4.14. Theorem. If a T-preordering L is strongly linear, then the following
properties hold for both L and L%: T-transitivity, negative S-transitivity, and
T-S-Ferrers.

Proof. First of all, we prove that L is T-S-Ferrers. For this purpose, let
us consider a quadruple (z,y,u,v) € X*. Since L is assumed to be strongly
linear, either L(x,u) =1 or L(u,z) = 1 must hold. Assume L(z,u) =1 and
we can deduce the following;:

T(L(x,y), L(u,v)) < T(L(x,u), L(u,v)) < L(x,v) < S(L(x,v), L(u,y))
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Figure 4.2: Hasse diagrams for the pentagon ordering and its dual. Elements
are circled if and only if they are in relation to themselves.

SO

Analogous for L(u,x) = 1:
T(L(z,y), L(u,v)) < T(L(u, x), L(z,y)) < L(u, y) < S(L(x,v), L(u,y))

Due to Proposition 4.12, the T-S-Ferrers property carries over to the dual
L% automatically.

It only remains to show that L is negatively S-transitive—all the other
assertions are immediate consequences of Proposition 4.11.

Negative S-transitivity, however, is easy to prove if we take reflexivity
and the T-S-Ferrers property into account (compare with [18, Prop. 2.37]):

L(z,z) = T(L(x,z2), L(y,y)) < S(L(x,y), L(y, 2)) O

4.15. Example. Note that, if a fuzzy ordering L is not strongly linear, it
cannot be guaranteed neither that L is negatively S-transitive nor that L? is
transitive. Consider the example of a crisp pentagon as shown in Figure 4.2.
This ordering and its dual, denoted < and <’, respectively, are represented
by the following tables:

<la b ¢ d e <'la b ¢ d e
all 1 1 1 1 al0 1 1 1 1
b0 1 1 01 blo 01 1 1
cl0O 0 1 0 1 cl0O 0 0 1 1
d|o 0 0 1 1 dj{o 1 1 0 1
el0O 0 0 0 1 elO0O 0O 0 O O

We see that b < ¢ but neither b < d nor d < ¢, therefore < is not negatively
S-transitive, regardless which de Morgan triple we have chosen. Moreover,
c <" dand d <' b, but ¢ ¢’ b, which implies that the dual <’ cannot be
T-transitive.

Theorem 4.14 shows that strong linearity is a sufficient condition for a
T-preordering to fulfill the T-S-Ferrers property and negative S-transitivity.



58 4. CONSTRUCTIONS AND REPRESENTATIONS

Finally, we can show that strong S-completeness is even a necessary and
sufficient condition for the assertions of Theorem 4.14 to be satisfied, at
least if the considered t-norm T is continuous.

In order to show that, we need a prerequisite the proof of which can be
found in [18].

4.16. Lemma. Suppose that T is continuous. If a fuzzy relation R is T'-
asymmetric and negatively S-transitive then R is T-S-Ferrers.

4.17. Theorem. Let T be a continuous t-norm. Then the following three
statements are equivalent for any T-preordering L:

(i) L is strongly S-complete.
(i) L is T-S-Ferrers.

(iii) L is negatively S-transitive.

Proof. (i)=(ii): If L is strongly S-complete, its dual L? is T-asymmetric.
Since L is T-transitive, L must be negatively S-transitive and Lemma
4.16 entails that L¢ is T-S-Ferrers. Due to Proposition 4.12, L is T-S-
Ferrers, too.

(ii)=(iii): As mentioned in the proof of Theorem 4.14, negative S-transi-
tivity follows directly from reflexivity and the T-S-Ferrers property:

L(.I,Z) = T(L(xvz)aL(yvy)) < S(L(x,y),L(y,z))

(iii)=-(i): Reflexivity and negative S-transitivity immediately imply strong
S-completeness

1= L(z,2) < S(L(x,y). L(y, x))

which completes the proof. O

4.3 Factorization

We have already mentioned in 3.2.1 that factorization offers a way to make
a preordering an ordering of a factor space. More specifically, consider a
preordering < and an equivalence relation ~ such that the following holds:

(1) Ve,2ye X: x~y=— 2=y
(11) Ve,ye X (z2yANy=z) =~y

Then =< is an ordering of the factor space X ., where (i) guarantees that the
projection onto X, is well-defined and (ii) directly implies antisymmetry.
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Now the question arises in which way this can be transferred to the
fuzzy case. If we replace ~ by a fuzzy equivalence relation F, < by some
fuzzy relation L, and the logical connectives by their fuzzy equivalents, (i)
is nothing else than FE-reflexivity while (ii) directly corresponds to T-E-
antisymmetry. Basically, there are two ways how to perform this generalized
kind of factorization. The first variant is based on the factorization with
respect to the kernel relation of the fuzzy equivalence relation FE.

4.18. Theorem. If L be a T-E-ordering on a domain X, it is a T-F-
ordering on X ., as well, where ~p is defined as in (3.4). Moreover, E
is a fuzzy equality on X, .

Proof. First, we have to show that the projections of ¥ and L are well-
defined, i.e.,
ijijl’y/ €X: <£C ~FE ' A Y~E yl) = E($7y) = E(xlayl)a
ijijl’y/ €X: <£C ~FE ' A Y~E yl) = L($7y) = L($l7yl)'
The first assertion has already been show in the proof of Proposition 3.7.
For showing that L can be projected in a well-defined way, take into account
that the following implications are immediate consequences of E-reflexivity:
r~p1r = L(x,2)=L{2) =1
y~py = L(y.y)=Ly,y =1

Thus, we can deduce

Reflexivity, E-reflexivity, symmetry, T-FE-antisymmetry and T-transitivity
automatically carry over to the factor space. The only thing, which remains
to show, is that F is separated on X, :

E({r),() =1 &= Er,y)=1 <= z~py < @) =(y) O

The second variant relies on factorization with respect to E' itself (com-
pare with |26, Prop. 2.33|). Since we have been lacking the definition of a
fuzzification of equivalence classes, let us supply it now.

4.19. Definition. Suppose that E is a T-equivalence on X. The fuzzy
equivalence class (xg) of an element xg € X with respect to E is a fuzzy
subset of X which is represented by the membership function

H(zo) (%) = E(x0,2).
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The fuzzy factor set—the set system of all fuzzy equivalence classes—is de-
noted by

X)p={{z)|re X} CF(X).

4.20. Theorem. Consider a T-equivalence E and a T-E-ordering L on a
domain X. Then the projection of E onto X g

E((z),(y)) = E(x,y)

is a fuzzy equality with respect to T on X g and the projection of L

L({z), (y)) = L(z,y)

is a T-E-ordering on X/E-
Proof. Again, the first thing to show is well-definedness of the projections:

E((a"), (y"))
L((a"), (y"))

Va,y,aly' € X ((2) = (') Ay) = (') = E((2), (y)
Va,y,a'y € X o ((2) = (@) Aly) = () = L({x), (v))

As obvious from the definition, (z) = (2} is equivalent to

Vy e X: Elz,y) = E(2,y).
Assigning z to y, we obtain F(x,z') = 1. Conversely, E(z,2') = 1 implies

E(z,y) =T(E(z,x), E(x,y)) < E(a',y),
E(xlvy) = T(E(xvxl)vE(xvy)) < E(I,y).

So, we have proven that the following equivalence holds:
() = (2} <= E(z,2")=1 < E((&),(2')) =1. (4.2)

Now the same arguments as in the proof of Theorem 4.18 can be applied to
prove well-definedness of all projections. Furthermore, (4.2) already proves
that F is separated on X,p. The other properties, of course, transfer auto-
matically to the projections. O

4.4 The Fuzzification Property Revisited

Example 3.14 has demonstrated that already two of the three problems
stated in 3.1 are solved in the generalized framework of fuzzy orderings.
It remains to investigate in which way the new class of fuzzy orderings is
able to provide fuzzifications of crisp, in particular, linear orderings.
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4.4.1 Extracting Crisp From Fuzzy Orderings

In this subsection, we discuss in which way fuzzy orderings fuzzify crisp
orderings. To achieve this goal, we have to study kernel relations of fuzzy
orderings beforehand.

4.21. Lemma. For every T-E-ordering L, its kernel relation
x<dpy<= L(z,y) =1

defines a preordering. Moreover, <r, is an ordering if and only if F is sepa-
rated. If E is separated, <y is a linear ordering if and only if L is strongly
linear.

Proof. Reflexivity follows directly from the E-reflexivity of L:
1> L(z,x) > E(x,z) =1 = x4
In order to prove transitivity, consider the equivalences

rdLy — L(LE,y)Zl,
y <z <= L(y,z) =1,

and T-transitivity entails
1= T(L(.T,y),L(y,Z)) < L(.I,Z) <1 = x4z

For proving that <y is antisymmetric if and only if F is a fuzzy equality,
assume first that, for a pair (z,y), both inclusions hold:

x<dpy < L(z,y) =1
y<px < L(y,z) =1

Then T, E-antisymmetry implies that
1=T(L(z,y),L(y,z)) < E(z,y) <1 = E(x,y) =1

If ' is separated this implies that x and y must be equal.

Reversely, suppose that F is not separated. Then there are two different
values z,y € X such that E(x,y) = 1 and E-reflexivity implies

l=E(@y) <Lz,y) <1 = a4y
1:E(y,x)§L(y,x)§1 = ydro

which contradicts to the antisymmetry of <.

Finally, assume that < is an ordering. For arbitrary x,y € X, we obtain
(rdpyvVydpz) < (L(z,y) =1V L(y,x) = 1)

which completes the proof. ]
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4.22. Proposition. A T-E-ordering L fuzzifies its kernel <, and any crisp
ordering which is a subrelation of <p.

Proof. Trivially, the characteristic function of <y, is below L. Therefore, it
is sufficient to show <j-consistency:

vayvz Yy dr 2 = L(LE,y) < L(LE,Z)

Let x,y,2 € X be arbitrary but fixed such that y <p z which is equivalent
to L(y,z) = 1. Then T-transitivity directly implies

L(z,y) = T(L(z,y), L(y, z)) < L(x, 2).
If < is an ordering which is a subrelation of <j, i.e.,
Ve,ye X: e y=a <y,

it follows from Lemma 3.5 that L fuzzifies <, too. O

We already know from Lemma 4.21 that <y is not guaranteed to be an
ordering for all fuzzy orderings L. From Proposition 4.22, we have obtained
that a fuzzy ordering fuzzifies any ordering contained in its kernel. However,
we still do not know whether such orderings exist at all or how they can be
constructed. So, there are two questions remaining to be clarified:

1. Is there a way to find non-trivial crisp orderings which are contained
in the kernel relation <y of a fuzzy ordering L7

2. If so, in which way does such a crisp ordering interact with the “fuzzy
part” of L—the areas where L(z,y) € (0,1)?

We will see soon that the there is a quite intuitive, but not necessarily
constructive way to answer the first question. In order to clarify the second
question, we need a prerequisite—the notion of compatibility.

4.23. Definition. Let < be a crisp ordering on X and let E be a fuzzy
equivalence relation on X. FE is called compatible with <, if and only if the
following implication holds for all x,y, 2z € X:

rSyS 2= (E(r,2) < E(y,z) NE(x,2) < E(z,y)) (4.3)

Although this seems to be a purely technical property, there is rather
an intuitive interpretation: The two outer elements of a three-element chain
cannot be less distinguishable than any two inner elements. Furthermore,
there are two other interpretations—one establishing a connection convexity
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and a characterization of a dual property for pseudo-metrics corresponding
to F.

4.24. Proposition. A fuzzy equivalence relation E is compatible with an
ordering < if every equivalence class (xg) is convex. If < is linear the reverse
holds as well.

Proof. Assume that every (x() is convex, i.e.,
Ve,y,2 € X1 2 Sy S 2= E(xg,y) > min(E(xg, x), E(xq,2)).
With the setting o = 7, convexity implies that
E(x,z) =min(E(z, 2), E(z,2)) < E(y, 2).
Analogously, if we assign x to xg we obtain
E(z,z) = min(E(z,z), E(z,2)) < E(z,y)

and we have proven that compatibility follows from the convexity of all
equivalence classes.

Reversely, assume < to be linear and E to be compatible with <. For an
arbitrary xg € X and a sequence x < y < z, we can distinguish between the
following two cases in order to prove convexity of (zg):

1. 9 S y: Hence, 29 Sy S 2 and compatibility implies
E<x0a y) > E<x0a Z)‘

2. wg 7,y : Here, v Sy S @0, and we obtain
E(xo,y) > E(xg, )
which completes the proof. O
4.25. Proposition. Let T be a continuous Archimedean t-norm with an
additive generator f and let < be an ordering of the domain X .
1. If a pseudo-metric d on X has the property
Ve,y,2€ X: 2 Sy Sz=d(x,2) > max(d(x,y),d(y,z)), (4.4)

then its induced fuzzy equivalence relation Ey, defined as in (2.14), is
compatible with <.

2. If a fuzzy equivalence relation E is compatible with <, its induced

~)

pseudo-metric dg, defined as in (2.15), fulfills property (4.4).

Proof. Follows directly from the fact that the additive generator f and its
inverse are non-increasing function. O

Obviously, the interpretation of property (4.4) is that the two outer ele-
ments of an ordered three-element chain cannot be closer than any two inner
elements.
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Now we can turn to the fundamental result of the present investigations.
It provides a way how to construct maximal crisp orderings which are con-
tained in a given fuzzy ordering.

4.26. Theorem. Provided that L is a T-E-ordering, there exists a crisp
ordering <, such that E is compatible with < and the following implication
holds:

xSy = L(z,y) =1 (4.5)

If L is a strongly linear then < can be chosen such that it is a linear ordering.
Moreover, < is maximal in the sense that there is no ordering <' such that
x< < L and

{(x,y) e Sy c{(x,y) [ 5"y}

Proof. We already know from Lemma 4.21 that the kernel relation <y, is
always a preordering. Now, for all z,y € X, we define a relation ~ as the
symmetric kernel of <y which is, of course, an equivalence relation:

v~y = (L(r,y) =1AL(y,r) =1) <= (e Ip y Ay Ip o).

The well-ordering theorem [6, 41| states that every set can be ordered linearly.
Thus, it is possible to find a linear ordering of all equivalence classes with

respect to ~. For any equivalence class (x), let us denote this ordering with
<

~I
This enables us to define an ordering < by means of lexicographic com-
position of <y and all <,:

x§y<:>((xwy/\x,sry)\/(xf;éy/\xﬁLy)) (4.6)

The reflexivity of this relation follows directly from the fact that the involved
relations ~, <y, and all <, are reflexive. Moreover, it is easy to see directly
from the definition above that x <y y is a necessary condition for = < y
which proves (4.5).

In order to prove transitivity, let us consider an arbitrary triple (z,y, 2)
fulfilling = < y and y < 2. We can distinguish between the following four
cases:

1.  ~ yAy ~ z: In this case, all three elements x, y, and z belong to the
same equivalence class. Therefore, x < z follows from the transitivity
of <,.

2.6 ~ yAy o z First of all, * ~ z cannot be fulfilled, since this
would contradict to the transitivity of ~. We know that L(y,z) = 1,
L(z,y) =1, and L(y,x) = 1 (cf. definition of J;, and ~) and we obtain

1> L(x,2) > T(L(z,y), L(y, 2)) = 1,

which immediately yields = < z.
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3. x %y Ay~ z: Analogous to (ii).

4. x A yANy # z: Here we have that + <y y and y < z, but neither
y <r x nor z <p y. It is sufficient to show that x <y z but z 4 .
The assertion x <, z follows directly from the transitivity of <;. Now
assume that z Jp x. Together with y < z, the transitivity would
yield y <; x which is a contradiction.

Now let us consider antisymmetry. Assume that there is a pair (z,y)
such that both inequalities x < y and y < x hold. With (4.5) we obtain
x ~ y and the antisymmetry of the ordering <, implies that 2 and y must
be equal.

Provided that L is strongly linear, we know that, for any pair (z,y),
either * Jp y or y <Jr = must hold. In the case x ¢ y this is already
sufficient for linearity. On the other hand, if x ~ y, linearity follows directly
from the fact that every <, was chosen as linear ordering.

In order to prove maximality, suppose that there is a crisp ordering <’
whose characteristic function is between the one of < and L, i.e.,

Vr,y € X x<(,y) < x<(zy) < L(z,y). (4.7)

If we assume that < and < are not equal, which means that there are two
different elements z and y such that z <’ § but £ £ ¥y, we can distinguish
between the following two cases:

~ 7, the linearity of <, implies that, since & £ 7, the inequality

Z must hold. Hence, we obtain from the inequality (4.7) that

<’ Z which contradicts to antisymmetry.

2. If, however, T + ¢ then (4.7) implies L(Z,y) = 1 which is equivalent
to & <p 3. Then, since T ¢ §, the inequality 7 < § has to be valid,
which is again a contradiction.

It remains to show the compatibility of F with <. From (4.5) we know
that © <y < z implies L(z,y) = L(y, z) = L(x,z) = 1 and we obtain

E(y,z) > T(L(y, ), L(z,y)) = L(2,y)

> T(L(z,2), L(z,y)) = L(2,2) > E(x, 2),
E(z,y) > T(L(x,y), L(y,z)) = L(y, x)

> T(L(y,2),L(z,7)) = L(z,2) > E(x, z),

which finally completes the proof. ]
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For a fuzzy ordering L, we have constructed a maximal ordering < which
is contained in the kernel relation <p. Since the fuzzy ordering L always
fuzzifies its kernel relation, it automatically follows from Lemma 3.5 that
it also fuzzifies <. The resulting compatibility characterizes the interaction
between L, E, and <.

4.4.2 Direct Fuzzifications of Crisp Orderings

In accordance to the difficulties stated in 3.1.3, the next step is to apply the
above results to the special case of strongly linear fuzzy orderings.

4.27. Theorem. Let L be a binary fuzzy relation on X and let E be a T'-
equivalence on X. Then the following two statements are equivalent:

(i) L is a strongly linear T-E-ordering on X.

(ii) There exists a linear ordering < the relation E is compatible with such
that L can be represented as follows:

1 ifr Sy

E(x,y) otherwise (4.8)

Do) = {

Proof. (i)=-(ii): We know from Theorem 4.26 that the relation defined in
(4.6) is a crisp linear ordering of X the relation E is compatible with.
If z <y, the equation L(xz,y) = 1 must be fulfilled. Now assume that
x L y. Since < is linear, this implies y < x and we obtain

E(x,y) < L(x,y) = T(L(z,y), Ly, x)) < E(z,y),
~—
=1
which shows that L(x,y) = E(x,y).
(ii)=(i): It is sufficient to show that Equation (4.8) defines a strongly linear
fuzzy ordering.

E-reflexivity follows immediately from the definition. For proving T', E-
antisymmetry, without loss of generality, assume x < y. Then the
equalities L(xz,y) = 1 and L(y,z) = E(x,y) hold and we obtain

T<L(x7y)7L<yax)) = L(?Jax) = E<xa y)'
=1

The same argument can be applied analogously in the case y < .

In order to prove T-transitivity, we have to distinguish between the
following cases:
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l.eSySzyoeSzSy,ory Sa Sz Since L(x, z) is always 1,
transitivity can never be violated.

2. 2 Sy < o Here, L(z,y) = E(x,y), L(y,z) = E(y,z), and
L(x,z) = E(x,2) and T-transitivity follows directly from the 7T-
transitivity of F.

3. 2 < x < y: In this case, L(x,y) = 1, L(y,2) = E(y,z), and

(:L' z) = E(x,z). The compatibility of < and E implies that
E(y,z) < E(x,z). Thus, we obtain

T(L(x,y), Ly, 2)) = T(1, E(y, 2)) = E(y, 2) < E(x, 2) = L(, 2).
4. y < z < 2: Analogous to 3.

Strong linearity of L follows directly from the linearity of <. O

Theorem 4.27 states that strongly linear fuzzy orderings are uniquely
characterized as fuzzifications of crisp linear orderings, where the fuzziness
can be attributed to the underlying fuzzy equivalence relation.

4.28. Example. Consider the real numbers X = R. It is easy to check
that d(x,y) = |z — y| is a metric which is compatible with the ordinary
linear ordering of real numbers < in the sense of (4.4). Taking into account
that 1 — x is a self-inverse additive generator of 71, and that —Inx is an ad-
ditive generator of Tp whose inverse is e~*, we obtain two fuzzy equivalence
relations which are compatible with < (guaranteed with Theorem 2.60 and
Proposition 4.25):

Ei(z,y) =1— (min(|z —y|,1)) = max(1l — |x — y|,0)
Ey(x,y) = ¢~ minllz=vlo0) — o~lo—y|

Moreover, the compatibility between an ordering and a metric remains un-
touched even if a monotonic, bijective transformation is performed. If we
introduce two bijective mappings ¢ and v, defined as
T if v <2,
plr) =X 3x—4 ifxe(2,4),
x+4 otherwise,

zp(x):{?’_ 4—(x—1)2 ifxe(1,3),

T otherwise,

we obtain another four fuzzy equivalence relations:

Es(z,y —maX(l—Iw() ©(y)l,0)

)
Ey(z,y) = e~ 1#@)=¢W)l
Es(x,y) = max(1 = [¢(x) = 4 (y)|, 0)
Eg(z,y) =e \w(m ¥(y)|
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Utilizing the representation (4.8), we are able to define six strongly linear
fuzzy orderings Lq,...,Lg, where Ly is a Ty,-Fq-ordering, Lo is a Tp-Fo-
ordering, L3 is a 1y-Fs-ordering, Ly is a Tp-FE4-ordering, Ly is a Ti,-FEs-
ordering, and Lg is a Tp-FEjg-ordering. The shapes of these six relations are
visualized in Figure 4.3.

Of course, it would be nice to have that the assertion of Theorem 4.27
still holds if we omit any assumptions concerning linearity. The following
example, however, shows that this not true in general.

4.29. Example. Consider a four-element set X = {a,b, ¢, d} with the fol-
lowing two relations:

< ‘ a b ¢ d F ‘ a b c d
all 1 1 1 al 1 05 05 0
b0 1 0 1 b105 1 0 0.5
cl0 0 1 1 cl05 0 1 05
dlo 0 0 1 dl 0 05 05 1

The crisp relation < represents the well-known diamond lattice. Just by
checking all possible combinations, one easily verifies that F is, indeed, a
Tp-equivalence. Applying the construction (4.8) yields the relation R defined
as follows:

E ‘ a b c d
al 1 1 1 1
b105 1 0 1
cl05 0 1 1
dl 0 05 05 1

Considering the triple (b, a,c) shows that R is not Ty -transitive:

T(R(b,a),R(a,c)) =T(0.5,1) =0.5 £ 0= R(b,c)

As obvious from the above example, T-transitivity becomes a crucial
property if there are elements which are incomparable with respect to the
crisp ordering. Basically, the construction (4.8) means nothing else than
the Syp-union of the crisp ordering < and the fuzzy equivalence relation
E. We have seen in 4.1 that T-transitivity cannot be guaranteed for unions
of T-transitive fuzzy relations. Nevertheless, we can formulate a sufficient
condition such that the construction principle (4.8) can also be applied for
partial orderings.
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4.30. Theorem. Suppose < to be a partial ordering on a domain X and E
to be a T-equivalence which is compatible with <. If the property

Ve,y,2 € X0 (x L2ANz L x) = E(z,z) > max(E(z,y), E(y,z)) (4.9)
1s additionally satisfied, the fuzzy relation

1 ifx Sy

L(w,y) = { E(x,y) otherwise (4.10)

defines a T-E-ordering.

Proof. Reflexivity and T-F-antisymmetry follow in the same way as in the
proof of Theorem 4.27. If three elements x, y, and z are pairwise comparable,
T-transitivity follows as in the proof of Theorem 4.27. Aslong as £ y and
y & x, T-transitivity is fulfilled because of the T-transitivity of E. Hence,
T-transitivity could only be violated in one of the following cases:
rSyNyfLzhaefznzEx (4.11)
rZyNySzhefzhnzEx (4.12)

Taking into account that condition (4.9) holds, condition (4.11) implies
T(L(z,y), L(y.2)) = T(1, E(y, 2)) = E(y, 2) < E(x,2) = L(z, 2).
Analogously, condition (4.12) entails
T(L(x,y), Ly, 2)) = T(E(x,y),1) = E(x,y) < E(x, 2) = L(x, 2)
and we have proven that L is T-transitive. O

The above construction is of particular importance, not only from the
theoretical point of view, but also for all further investigations concerning
application. Thus, it is justified to invent an own name for fuzzy orderings
admitting this resolution.

4.31. Definition. A T-F-ordering L is called direct fuzzification of a crisp
ordering < if and only if it can be represented as in (4.10).



Chapter 5

From Hulls to Hedges

5.1 Motivation

We briefly mentioned in Chapter 1 that ordering-based operators, such as
‘at least’, ‘at most’, ‘between’, and so forth, could be particularly useful for
applications related to fuzzy systems. The fact remains that we are still
lacking a way how to compute such expressions in vague environments. In
order to have a universal approach, which is applicable in a wide variety of
practical problems, at least the following two properties should be satisfied:

(i) If there is a predefined notion of similarity in the given environment,
the above operators should take it into account. Stressing the example
of heights of persons for the very last time, this means that ‘at least
1807 should not exclude 179.9 completely, because the two values are
almost indistinguishable.

(i) For using these expressions as modifiers—so-called hedges'—in the lan-
guage of a rule-based fuzzy system, they should be applicable to fuzzy
sets, because the atomic expressions are usually represented by fuzzy
sets instead of crisp values.

Assume that the semantics of the connective ‘and’ in a certain vague
environment is specified as a t-norm 7' and that the underlying concept of
similarity is specified as a T-equivalence E. In accordance to (i), if we want to
compute truth values of expressions, such as y is at least as good/large/high
as x’, for crisp values x and y, a T-FE-ordering L is the perfect, ready-made
choice:

Hat leastr(y) = L($ay) (51)

!Some researchers use the term “adverb” in direct analogy to natural language. We
will use “hedge” since it is, by far, the more common designation.
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Of course, this definition achieves the goal stated in criterion (i) above,
because of the E-reflexivity of L. Moreover, if there is already a predefined
crisp context of ordering <, the compatibility between E and < provides a
simple criterion for checking whether L respects that ordering.

In order to meet condition (ii), we have to find a way to generalize (5.1)
to fuzzy subsets, for which the hull /image with respect to L is the natural
candidate:

Hat least A(x) = MHL(A)(x) = Sup{T(MA(y)’ L(ij)) | Y€ X}

Throughout the remaining chapter, assume that T is a left-continuous t-
norm and that L is an arbitrary but fixed T-FE-ordering on a domain X. Let
us denote the hull operators Hy, and Hr with ATL and EXT, respectively.

Before turning to more specific characterizations, we briefly discuss some
properties of ATL(A) which hold without introducing any further restric-
tions.

5.1. Lemma. ATL(A) is extensional for any fuzzy set A € F(X). More-
over, if L fuzzifies a crisp ordering < then the membership function of
ATL(A) is non-decreasing with respect to <, i.e.,

Vo,y € Xt 2 Sy = parra)(®) < parra)(y)- (5.2)

Proof. We know that ATL(A) is L-congruent. Trivially, E-reflexivity of L
implies that F is a subrelation of L and we obtain from Corollary 2.51 that
ATL(A) is E-congruent, i.e., extensional according to Definition 2.61. The
same argument applies to the crisp ordering < which is a subrelation of L,
too. Hence, ATL(A) is <-congruent

Vl‘, Yy e X T(MATL(A) (13)7 XS ($7 y)) < MATL(A)(y)a

which is, obviously, equivalent to the monotonicity (5.2). O

The previous lemma already gives a hint how the properties of the hull
ATL(A) are determined by the properties of the fuzzy ordering L, in partic-
ular when it concerns interaction with a crisp ordering <. Now let us turn
to the special case of direct fuzzifications, where much more is known about
the connection between L and <.

5.2 Hulls with Respect to Direct Fuzzifications

We have seen in the previous chapter that direct fuzzifications play a very
special role. In this section, we want to exploit in which way hulls with
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respect to direct fuzzifications can be characterized utilizing their particular
properties.

So, throughout this section, let us assume that L is represented as a
direct fuzzification of a crisp, not necessarily linear ordering <:

1 ifeSy

E(z,y) otherwise (5.3)

Lo = {
The hull operator with respect to < will be denoted LTR?:

prrr(A) (@) = sup{T(pa(y), x<(y, ) | y € X} = sup{ua(y) |y < =}

Of course, for any fuzzy set A, LTR(A) is the smallest superset of A the
membership function of which is non-decreasing.

Direct fuzzifications are nothing else than Syt-unions of crisp orderings
and compatible fuzzy equivalence relations. As a first interesting result, we
obtain that this property, in some sense, transfers to hull operators, too.

5.2. Lemma. Suppose that A is an arbitrary fuzzy subset of X. Then, for
all x € X, the representation

MATL(A)(CU) = max (MLTR(A)(x)a HEXT(A) (95))
holds which is equivalent to

ATL(A) = LTR(A) Ug,, EXT(A).
Proof. Taking the representation (5.3) into account, we obtain

parra) () = sup{T (na(y), L(y,v)) |y € X}
= max (sup{T(pa(y), L(y.z)) | y < =},
(La(y), L(y, )) |y £ x})
= max (sup{T (na(y).1) | y S =},
sup{T(ua(y), E(y,x)) | y £ x})
= max (pprr(a) (), sup{T(ua(y), E(y, x)) | y £ x}).

Obviously, the inequality

T(pa(y), E(y,z)) < pa(y)

holds for all x,y € X. Hence,

sup{T'(na(y), E(y,2)) | y Sz} <sup{pa(y) |y <z},

2Short for “left-to-right continuation”.
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and we can deduce the following:

piarr(a)(z) = max (uprr(a) (@), sup{T(paly), E(y, x)) | y £ x})
= max (uprr(a) (), sup{T(na(y), E(y,2)) |y S x},
sup{T(ua(y), E(y,2)) | y & x})
= max (pyrr(a) (@), sup{T(1a(y), E(y,x)) | y € X})

= Imax (MLTR(A) (), HEXT(A) (55)) [

With the help of Lemma 5.2, we can show that the hull operators LTR
and EXT commute and that their composition, in either case, equals ATL.

5.3. Theorem. For all fuzzy subsets A € F(X), the following equalities
hold:

ATL(A) = LTR(EXT(A)) = EXT(LTR(A)) (5.4)

Proof. We know from Lemma 5.2 that ATL(A) is a superset of both LTR(A)
and EXT(A) while Lemma 5.1 shows that ATL(A) is extensional and has
a non-decreasing membership function. Directly from the extremal proper-
ties of hulls (cf. Lemma 2.54 and Corollary 2.55), we obtain the following
inclusions:

ATL(A) D LTR(EXT(A))
ATL(A) D EXT(LTR(A))

It remains to clarify whether we can have equalities in the above inequalities.
Since hull operators with respect to reflexive fuzzy relations always yield
supersets, we get

EXT(A) C LTR(EXT(4)),
LTR(A) C EXT(LTR(A)).

On the other hand, the monotonicity of hull operators (cf. Corollary 2.55)
entails

LTR(A) C LTR(EXT(4)),
EXT(A) C EXT(LTR(A)).

Using Lemma 5.2 and elementary properties of the maximum, we come to
the following conclusions

ATL(A) C LTR(EXT(4)),
ATL(A) C EXT(LTR(A)),

and the proof is completed. ]
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A B EXT(A)

LTRJ{ LTRJ{

EXT

LTR(A) =25 ATL(A)

Figure 5.1: A commutative diagram depicting the relationship (5.4) for a
given fuzzy set A

The correspondence (5.4) can be interpreted as a commutative diagram
which is visualized in Figure 5.1.

5.4. Remark. All the present achievements of this section can easily be
transferred to the inverse of L. Let us introduce the operator ATM? as
synonym for the hull operator of the inverse fuzzy ordering L !

parmay (@) = pm,_, () = sup{T(paly), L(z,y)) |y € X}

and RTL? for the hull with respect to the inverse of <:

prrra) (@) = supfpa(y) |y 2 =}
Then all the above results hold without any restriction, i.e.,

ATM(A) = RTL(A) Us,, EXT(A)

_ RTL(EXT(A)) = EXT(RTL(A)). (5:5)

Since non-decreasingness with respect to the inverse of < means nothing else
than non-increasingness with respect to <, we obtain that the membership
functions of RTL(A) and ATM(A) are non-increasing and that RTL(A) is
the smallest non-increasing superset of A.

As a consequence of all above results, we can prove that not only the
hulls EXT(A), LTR(A), and RTL(A), but also ATL(A) and ATM(A) have
extremal properties.

5.5. Corollary. Suppose that A is an arbitrary fuzzy subset of X. Then
ATL(A) is the smallest extensional superset of A which has a non-decreasing
membership function. Analogously, ATM(A) is the smallest extensional su-
perset of A which has a non-increasing membership function.

Proof. We know from Lemma 5.1 that ATL(A) is extensional and that
its membership function is non-decreasing. It remains to show that it is

3ATM stands for “at most” while RTL stems from “right-to-left continuation”.
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the smallest extensional superset fulfilling both properties. Assume that
there is a B O A which is extensional and has a non-decreasing membership
function. Due to the minimality of hulls (cf. Lemma 2.54), B must be a
superset of EXT(A) and LTR(A). However, taking Lemma 5.2 into account,
these inclusions imply

B D EXT(A) Us,, LTR(A) = ATL(A).

The same argument can be applied analogously to prove the corresponding
minimality of ATM(A). O

5.3 Convex Hulls and their Characterization

Since it will be of particular importance in Chapter 6, we will now study the
convexity of hulls with respect to fuzzy orderings and a way how to construct
convex hulls and extensional convex hulls. Throughout this subsection, as-
sume that X is a domain equipped with an ordering <. Furthermore, let
us assume that L is a T-FE-ordering which fuzzifies <, where T is a left-
continuous t-norm.

5.6. Lemma. The fuzzy sets LTR(A), RTL(A), ATL(A), and ATM(A) are
convex for any A € F(X).

Proof. We already know that LTR(A) and ATL(A) have a non-decreasing
membership functions while the membership functions of both RTL(A) and
ATM(A) are non-increasing. Then convexity follows from Proposition 2.10.

O

5.7. Definition. For a given fuzzy subset A of X, the operators CVX and
ECX are defined as

CVX(A) = LTR(A) Ny, RTL(A)
ECX(A) = ATL(A) gy, ATL(A)

One can easily deduce from the definition of convexity and the associa-
tivity of Ty, that the Tyg-intersection of two convex fuzzy subsets is again
convex (note that this is not necessarily true for intersections with respect to
other t-norms). Hence, we immediately see that CVX(A) and ECX(A) are
convex fuzzy sets. The next result proves an extremal property of CVX(A),
which justifies to call CVX(A) the convex hull of A.

5.8. Lemma. For any fuzzy subset A of X, CVX(A) is the smallest convex
superset.
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Proof. Assume that B is a convex superset of A. Taking an arbitrary y € X,
the following must hold:

Ve,z€ X xSy S 2= ps(y) 2 min(up(z), up(2))

Since this holds for all chains * < y < z, we can even take the supremum
and the following is obtained:

pp(y) = sup{min(up(x)
= min (sup{ug(z

( )
= min (MLTR (?J),
> min (MLTR ) (),
= pevx(a)y(y)

RTL( B) (?J))
RTL A)(y))

7;7;

The fuzzy set B was supposed to be an arbitrary convex superset of A.
Therefore, CVX(A) must be the smallest convex superset of A. O

Now let us study in which way ECX(A) can be represented by means of
convex and extensional hulls if L is a direct fuzzification of <. First of all,
we can prove an an analogue of Lemma 5.2.

5.9. Lemma. Provided that L is a direct fuzzification of L, the following
holds for all fuzzy subsets A € F(X):

ECX(A) = CVX(A) Us,, EXT(A) (5.6)

Proof. Using that, for Ty and Sy, the laws of distributivity hold, we obtain
the following from Lemma 5.2:

pEcx(a)y(@) = min (parrca) (@), Laraa) ()
= min (max(prrr(a)(2), LEXT(A)
maX(MRTL (95) HEXT(A) (95)))
= maX(mm(MLTR( )( ), HRTL(A) (7)), HEXT(A )( ))
= Inax (MCVX( )( s HEXT(A )) [

Finally, we can show a representation of ECX(A) which can be considered
as a direct analogue of Theorem 5.3. Another consequence of the following
result is that it is definitely appropriate to call ECX(A) the extensional
convez hull of A.

5.10. Theorem. Suppose that L directly fuzzifies <. For any fuzzy subset
A of X, the following equalities hold:

ECX(A4) = CVX(EXT(A)) = EXT(CVX(A)) (5.7)

Moreover, ECX(A) is the smallest superset of A which is extensional and
convez.
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Proof. Using the representations (5.4) and (5.5), we immediately obtain
from the definition of CVX(A) that

ECX(A) = ATL(A) Ny, ATM(A)
= LTR(EXT(A)) Nz, RTL(EXT(A))
= CVX(EXT(A)).

We already know that ECX(A) is convex. On the other hand, ECX(A) is
the Th-intersection of two extensional fuzzy sets (cf. Lemma 5.1). Thus,
Lemma 2.52 immediately implies that ECX(A) must be extensional. With
the minimality of hulls, we obtain

ECX(A) D EXT(CVX(A)).

Since hull operators are monotonic with respect to inclusion (cf. Corollary
2.55) and always yield supersets, we get

EXT(CVX(A)) 2 EXT(A),
EXT(CVX(A)) 2 CVX(A).

Then Lemma 5.9 entails
ECX(A) C EXT(CVX(A4))

which proves (5.7).

Now assume that B is an extensional and convex superset of A. Since
extensionality implies B O EXT(A) while convexity implies B O CVX(A4),
we see that

B D CVX(A) Us,, EXT(A) = ECX(A)
and the minimality of ECX(A) is proven as well. O

5.11. Example. Hull operators are rather abstract objects. In order to
gain more insight into the principles of the results we have discovered so far,
let us consider an example of a fuzzy subset of X = R, where we use the
natural ordering of real numbers <. We assume T = Ty, and the two fuzzy
relations E and L to be defined as follows:

E(.T,y) = max(l - |$ - y|70)

1 ifx <y
max(l —x +y,0) otherwise

L) = {

Figure 5.2 shows a non-trivial fuzzy subset of R and the results which are
obtained when applying various hull operators.
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. L\ e
i L
iy N
i L\ e

Figure 5.2: A fuzzy set A € F(R) and the results which are obtained when
applying various ordering-related hull operators.

5.4 The Role of the Extension Principle

Now we want to examine in which way the hulls we have discussed so far
can be represented and interpreted by means of the extension principle.

First of all, it is worth to mention that the definitions of the hulls LTR,
RTL, and CVX also include the case of crisp sets, where, obviously, the
left-to-right continuation of a crisp set M is represented as

LTR(M)={ye X |z e M: x Sy}
The same holds analogously for RTL:
RTL(M)={ye X |z eM: x 2y}
It is trivial to see that the following holds for crisp sets M:
CVX(M)=LTR(M)NRTL(M)

As a consequence, one easily verifies that CVX(M) can be represented in
the following way:

CVX(M)={ye X |Tz,ze M: 2 Sy <z}
Proposition 2.9 shows that convexity is uniquely characterized by the

connectedness of all a-cuts. It is, therefore, not so surprising that the hulls
can also be characterized by means of the extension principle.
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5.12. Theorem. For any fuzzy subset A € F(X), the following holds for
all o € 10,1):

[LTR(A)]a = LTR([4]a)
[RTL(A)]q = RTL([4])
[CVX(A)la = CVX([4]a)

Proof. Let a € [0,1) and = € X be arbitrary but fixed. Then the following
equivalences hold:

v € [LTR(A)la <= sup{pa(y) [y Sa} >«
< Jye[Al,: yS«
< z € LTR([4]a)

The same technique can be applied to prove the second identity.

One easily verifies that the following equality is true for all fuzzy subsets
A,Be F(X)andall a €0,1):

[A N7y B]g = [A]g N [B]g

Then we can prove the third assertion as consequence of the first and the
second one:

[CVX(A)]q = [LTR(A) Npy, RTL(A)]
= [LTR(4 )]gﬂ[RTL( )a
= LTR([A]a) N RTL([A],)

= CVX([A]a) 0

Note that there is no analogue for non-strict a-cuts. In order to see this,
we consider the following example with X = R:

x ifx e (0,1)
0 otherwise

palz) = {

The left-to-right continuation of A is, obviously, given as

x ifx € (0,1),

MLTR(A)(x) = 1 ifx Z ].7
0 otherwise,

and we obtain [LTR(A)]; = [1,00) but LTR([A4];) = LTR(0) = 0.

Moreover, the assertions of Theorem 5.12 do not hold if we introduce
indistinguishability, i.e., if we replace LTR by ATL, RTL by ATM, and
CVX by ECX—just consider that a-cuts of hulls are always crisp sets while
the hulls of a-cuts are, in most cases, non-trivial fuzzy sets.
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5.5 More about Ordering-Based Hedges

The previous discussions enable us to define some other ordering-based op-
erators which could be useful in applications. In the following, assume that
L is a T-F-ordering on the domain X and that /N is an involution.

5.13. Definition. Let A be an arbitrary fuzzy subset of X. Then we can
define the following unary modifiers:

1. ‘Strictly greater than A’ (SGT(A)):

SGT(A) = ATL(A) Ny, CyECX(A)

2. ‘Strictly less than A’ (SLS(A)):

SLS(A) = ATM(A) Ny, CyECX(A)

3. ‘Within A’ (WIT(A)):
WIT(A) = ECX(A) Ny, CAEXT(A)
Note that SGT(A) does not necessarily coincide with the hull of A with
respect to the dual relation L¢. The same applies to SLS(A) and the com-
plement relation of L. The operator WIT provides a method for extracting

“holes” in non-convex fuzzy sets, where, obviously, WIT(A) is empty if A is
convex.

5.14. Definition. For two fuzzy subsets A, B € F(X), we can define the
following two binary modifiers:

1. ‘Extensional convex closure of A and B’ (ECL(A, B)):

ECL(A, B) = ECX(A Ug,, B)

2. ‘Between A and B’ (BTW(A, B)):

BTW (A, B) = (SGT(A) Npy, SLS(B)) Usy, (SGT(B) Npy, SLS(A))

Note that these two operator can also be used for grouping neighboring
rules with the objective of size reduction. Moreover, the latter can be used to
fill the gap between two distant non-overlapping fuzzy sets—a fundamental
task in rule interpolation [38, 39].
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Chapter 6

Orderings of Fuzzy Sets

6.1 Motivation

There is no doubt that orderings and rankings play a central role in any
discipline which is considered to be related to decision making. Admitting
vagueness or impreciseness naturally results in the need for specifying vague
preferences in crisp domains, but also in the demand for a framework in
which it is even possible to decide between fuzzy alternatives. Thus, it is
not surprising that orderings and rankings of fuzzy sets have become main
objects of study in fuzzy decision analysis. Albeit only scarcely recognized,
orderings of fuzzy sets could also be integrated fruitfully in areas related to
fuzzy systems and fuzzy control:

1. We briefly mentioned in Chapter 1 that it is a typical method in the
design of fuzzy systems and controllers to decompose the domains of
the various system variables into a certain number of fuzzy subsets by
means of the orderings of these domains. Reversely, the ordering of the
fuzzy subsets, which define the actual meaning of linguistic expressions,
is an important point when it concerns interpretability.

2. As any interpolation technique requires a way to select the data be-
tween which the interpolation should take place, rule interpolation does
not make a significant difference. More specifically, if an observation
does not match any antecedent in the rule base, one has to select two
or more rules for interpolation. It seems natural to take rules such
that the observation is lying between the fuzzy sets specified in the
antecedents of these rules.

Since the second half of the 1970s, a host of methods for ordering or
ranking fuzzy sets has been published (see [7, 66, 68, 69] for detailed reviews).
In order to find profound motivations for adding yet another approach, let
us consider some common characteristics of the existing methods:

83
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1. As long as linguistic expressions are represented by fuzzy subsets of
numerical domains, there is a certain context-dependent notion of in-
distinguishability. It could be desirable to take this indistinguishabil-
ity into account, since not only the ranking of alternatives itself, but
also the information, that the difference between two alternatives is,
more or less, neglectable, could be of interest. All existing methods,
however, do not offer the opportunity to integrate indistinguishability
which often leads to undesired, counter-intuitive preciseness.

2. All methods are defined for so-called fuzzy quantities—fuzzy subsets of
the real line R. Not only from the theoretical but also from the practi-
cal point of view, it could be interesting to consider arbitrary ordered
domains, without any restriction concerning analytical properties, car-
dinality, or linearity of the ordering.

3. The applicability of many ordering methods is restricted to fuzzy quan-
tities having special properties, such as convexity, normality, or conti-
nuity. The motivation for such restrictions is to guarantee some desir-
able properties, for example, antisymmetry.

The purpose of this chapter is to define and investigate an ordering
method for arbitrary fuzzy subsets of an arbitrary ordered domain where
indistinguishability is taken into account, too.

6.2 A Novel Approach based on Fuzzy Orderings

With the objective in mind that the new ordering procedure should be rep-
resented as a binary relation on F(X) which is at least a preordering, i.e.,
reflexive and transitive, let us first consider the simple case of real intervals,
where an often-used ordering procedure is given as follows:

[a,b] <ple,d] <= a<cAb<d

It is easy to check that <j is an ordering. The inequality a < ¢ means
that there are no parts of [¢,d] which are below the entire interval [a,D].
The inequality b < d, analogously, means that there are no elements of
[a,b] which lie completely above [e,d]. This criterion can be generalized to
arbitrary crisp subsets of an ordered set (X, <) as follows:

M S My <= (VoeMy,3ye M : ySa)A 6.1)
(VxGMlEIyGMg:x,Sy) '

The following lemma provides an equivalent formulation by means of
hulls which will be the basis of all our further generalizations.
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6.1. Lemma. Let a domain X be equipped with an ordering <. With the
above notations, the following holds for all My, Ms C X :

LTR(Ml) D) LTR(MQ) <~ VYo eM,Iye M : y 5 T
RTL(Ml) - RTL(MQ) <~ Ve M JyeMy: x 5 7
As an immediate consequence, we obtain

My <r My <= (LTR(M;) 2 LTR(M>) A RTL(M;) C RTL(M>)). (6.2)

Proof. It is easy to see from the definition
LTR(M;) ={z e X |Fye M;: y Sz}
that My C LTR(M;) is equivalent to
Ve e My Jye My : y <.
Moreover, we can deduce from the minimality of hulls and the trivial inclu-
sion My C LTR(M>) that the following holds:
My CLTR(M;) <= LTR(M;) C LTR(M;)

So, we have proven the following equivalence:

Ve e My Jye My : ySax < LTR(M;) D LTR(My;)
Applying analogous arguments, one can show

Ve e M JyeMy: xSy < RTL(M;) C RTL(M,)).

These two equivalences, of course, imply (6.2). O

The equivalence (6.2) immediately implies that <y is a reflexive and
transitive relation on P(X). Furthermore, it already gives a clear hint how
to generalize <7 to F(X):

A</ B < (LTR(4) D LTR(B) ARTL(A4) C RTL(B)) (6.3)

The only question still to be clarified is how to integrate a predefined
concept of indistinguishability which is specified as a fuzzy equivalence re-
lation E. The answer is simple—just by choosing a T-F-ordering L, where
we have to assume T' to be left-continuous, and replacing the operators LTR
and RTL by ATL and ATM, respectively.

6.2. Definition. Let L be a fuzzy ordering on X. Then the relation <y on
F(X) is defined in the following way:

A<, B < (ATL(A4) D ATL(B) A ATM(A) C ATM(B)) (6.4)

In the following, we will use <; and < independently, although <; is,
obviously, a special case of <y. Unless stated otherwise, the fuzzy ordering
L is neither supposed to be strongly linear nor to have any connection with
the crisp ordering <. Let us, anyway, use the term “extensional convex hull”
for any ECX just for convenience.
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6.2.1 Basic Properties

Trivially, the relation <y is reflexive and transitive. The next result charac-
terizes antisymmetry, or better non-antisymmetry, in a unique way.

6.3. Theorem. With the above settings, the following holds for all fuzzy
subsets A, B € F(X):

A<, BANAZ>, B < ECX(A)=ECX(B)

Proof. The above assertion is, of course, equivalent to
ATL(A) = ATL(B) ANATM(A) = ATM(B) <— ECX(A) = ECX(B).
The implication from the left to the right follows trivially from the definition
of the ECX operator. In order to prove the non-trivial implications, consider
the monotonicity of hull operators (cf. Corollary 2.55):
A CECX(A) = ATL(A) C ATL(ECX(A))
Idempotency (see also Corollary 2.55), on the other hand, entails
ECX(A) C ATL(A) = ATL(ECX(A)) C ATL(ATL(A)) = ATL(A)
and we have proven that
ATL(ECX(A)) = ATL(A).
Analogously, it is possible to show
ATM(ECX(A)) = ATM(A),
and we obtain the non-trivial implication
ECX(A) = ECX(B) = ATL(A) = ATL(B) A ATM(A) = ATM(B)

which completes the proof. ]

Since every crisp ordering is, of course, a fuzzy ordering, we can transfer
the characterization of non-antisymmetry to the relation <j.

6.4. Corollary. The following holds for all fuzzy subsets A, B of an ordered
domain (X, <):

A</BAAZ B < CVX(4) = CVX(B)
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In any case, we see that neither <; nor <y, is guaranteed to be antisym-
metric. However, we have found equivalence relations uniquely describing
non-antisymmetry. Of course, we can obtain orderings by factorization with
respect to the symmetric kernels of <; and <y, respectively. From Theorem
6.3 and Corollary 6.4, we know that the symmetric kernels can be represented
as follows:

A= B < CVX(4) =CVX(B)
A=; B < ECX(A) = ECX(B)

6.5. Proposition. The relation Sp is an ordering on F(X)/=, which is
1somorphic to the set of conver fuzzy subsets:

Fr(X)={AeF(X)| A=CVX(4)}

Analogously, the relation Si, is an ordering on F(X) j~, which is isomorphic
to the set of extensional convex fuzzy subsets:

Fr(X)={A e F(X)| A=ECX(A)}
Proof. According to the discussions in Section 4.3, the relations <; and <,

must be orderings on F(X) /e, and F(X)/~, , respectively. Moreover, the
mappings

1]: f(X)/gI — f](X)
(A) — CVX(A)
lL: f(X)/gL — fL(X)
(A) — ECX(A)
are easily shown to be bijective and order-preserving. O

The above results have a different quality if we compare them with the
existing approaches which restricted to some special classes of fuzzy subsets
from the beginning just to preserve properties, such as antisymmetry. The
new method is not restricted to (extensional) convex fuzzy sets. It can distin-
guish between any two arbitrary fuzzy subsets as long as their (extensional)
convex hulls do not coincide. Since non-antisymmetry is characterized by
an equivalence relation, it could be possible to define orderings of the equiv-
alence classes in order to obtain a broader class of fuzzy subsets for which
antisymmetry is satisfied (see 6.3.3).

6.2.2 Connections to the Extension Principle

In this subsection, let us examine which connections between the preordering
<1 and known approaches, which are based on the extension principle, can be
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established. As stated in Remark 2.56, there is a close connection between
hull operations and the extension principle. The next lemma shows that
the preordering <; even has a direct interpretation employing the extension
principle.

6.6. Lemma. The following holds for any two fuzzy sets A, B € F(X):
ASIB = VYael0,1): [Ala S1(Bla

Proof. First, consider Lemma 2.6:

A< B < (LTR(A) D LTR(B) ARTL(A4) C RTL(B))
<= VYa€0,1): [LTR(A)].
[RTL(A)]a
Due to Theorem 5.12, this is equivalent to
Va € [0,1) : LTR([A]o) 2 LTR([Bla) A RTL([A4]a) € RTL([Bl.),
which is nothing else than
Vae[0,1): [Ala Sr [Bla

and the proof is completed. O
As an immediate consequence, we can even prove an extension-principle-

based interpretation of the general preordering <y in the case that L is a
direct fuzzification.

6.7. Corollary. Provided that a fuzzy ordering L is a direct fuzzification of
<, the following correspondence is true for all fuzzy subsets A and B:

A<, B <= Va€(0,1): [EXT(A4)]a <1 [EXT(B)]a

Proof. Follows directly from Lemma 6.6 and the equalities

ATL(A) = LTR(EXT(A)) ATL(B) = LTR(EXT(B))
ATM(A) = RTL(EXT(A)) ATM(B) = RTL(EXT(B))
(cf. Theorem 5.3 and Remark 5.4). O

The idea of employing the extension principle for extending orderings of
intervals to orderings of fuzzy quantities is definitely not new. A common
technique is to extend the interval ordering <; to convex fuzzy quantities.
Lemma 6.6 implies that, if <; is applied to each strict a-cut [32], this is
equivalent to the preordering <;. The same is true for non-strict a-cuts [38§]
under some additional restrictions concerning continuity of the membership
functions.

From this point of view, the preordering <; coincides with previously
known approaches if convex fuzzy quantities are considered. The novelties,
however, consist of the following points:
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Figure 6.1: Two convex fuzzy quantities which are incomparable.

1. The applicability of the preorderings <; and <y is neither restricted
to fuzzy quantities nor to convex fuzzy sets. Moreover, the underlying
orderings are not required to be linear.

2. Unlike all existing methods, it is possible to integrate indistinguisha-
bility in the preordering <p.

6.2.3 Weaknesses

Our initial objective was to define (pre)orderings of arbitrary fuzzy subsets
of a domain for which a crisp or a fuzzy ordering is known. Now we should
examine in detail whether this goal has really been achieved.

Formally, if a crisp ordering < is known for an arbitrary domain X,
one can easily construct the relation <;. In the same way, it is possible to
define the relation <y by means of hulls with respect to some fuzzy ordering
L. We have found out that both relations are preorderings which violate
antisymmetry only in the case that the (extensional) convex hulls of two fuzzy
alternatives coincide. So, from the barely formal point of view, our initial
requirements have been met. There are, however, still some weaknesses that
are worth to be pointed out.

The first remark concerns the way of comparing itself. Consider the two
convex fuzzy quantities in Figure 6.1. It is easy to see that, if we construct <;
by means of the natural ordering of real numbers, these two triangular fuzzy
quantities are incomparable. If a strongly linear fuzzy ordering L is chosen,
which fuzzifies <, such that the two fuzzy quantities are extensional with
respect to the underlying fuzzy equivalence relation, the situation cannot
be better (note that, in this case, <r coincides with <;). The question is
whether it is really natural to compare vague phenomena crisply or if, as the
example in Figure 6.1 suggests, this directly leads to artificial preciseness.
In 6.3.1, we will present a way to overcome these difficulties.

Unfortunately, incomparability is also obtained if two fuzzy alternatives
have different heights.
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6.8. Lemma. Consider a fuzzy ordering L. Then the following equalities

hold for any fuzzy subset A € F(X):
height(A) = height(ATL(A)) = height(ATM(A)) = height(ECX(A))

Proof. Since the inequality

T(pa(y), L(y,z)) < pa(y)

holds trivially for all z,y € X, we obtain the following:
height (ATL(A)) = SUD [LATL(4) (x)
ze

= sup sup T(pa(y), L(y, z))
zeX yeX

< sup pa(y)
yeX

= height(A)
On the other hand, ATL(A) is a superset of A which implies that we must
have equalities. The same argument applies to ATM(A) analogously. The
fuzzy set ECX(A) is a subset of ATL(A) and ATM(A). Hence, it cannot
exceed their heights. ECX(A) is, however, again a superset of A, which
implies finally that

height(A4) = height(ECX(A)). 0

Moreover, we immediately obtain analogous equalities if L coincides with a
crisp ordering <:

height(A) = height(LTR(A)) = height(RTL(A)) = height(CVX(A))

It might be clear that a fuzzy set A can never be a subset of another B if
height(A) exceeds height(B). We, therefore, obtain that any two fuzzy sets
with different heights must be incomparable, regardless which crisp or fuzzy
ordering has been chosen to define <y. We will discuss this aspect in 6.3.2.

The third and last point of critique refers to (non-)antisymmetry. While
Theorem 6.3 and Corollary 6.4 state that non-antisymmetry is obtained just
in the case that the (extensional) convex hulls of the two alternatives coin-
cide, Proposition 6.5 shows that fully antisymmetric orderings are obtained if
we restrict ourselves to (extensional) convex fuzzy sets. One might observe,
however, that these results are still not exhaustive. Consider, for instance,
the two fuzzy quantities shown in Figure 6.2. Obviously, they have equal
convex hulls. Hence, the relation <; cannot distinguish between them. The
same happens with <y if L is chosen as a fuzzification of the canonical or-
dering of real numbers <. Nevertheless, one would intuitively assume that
the lower set should be ranked higher than the upper one, simply looking at
the positions of the “holes”. In 6.3.3, we will discuss ways to refine the or-
derings <; and <y by defining (pre)orderings of all classes containing fuzzy
sets with equal (extensional) convex hulls.
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Figure 6.2: Two non-convex fuzzy quantities with equal convex hulls.

6.3 Generalizations and Extensions

The purpose of this section is to find generalizations of the two ordering
methods <y and <y such that the difficulties stated in 6.2.3 are, at least
partially, resolved.

6.3.1 Fuzzification

Figure 6.1 has demonstrated that crisp comparisons sometimes lead to arti-
ficial preciseness. Now we want to discuss a way for overcoming this problem
by allowing intermediate degrees of inclusion—with the aim to obtain a fuzzy
ordering of fuzzy sets. Throughout this subsection, let L be a fuzzy order-
ing with respect to some fuzzy equivalence relation E and a left-continuous
t-norm T'. As known from above, a fuzzy ordering L induces a crisp pre-
ordering of fuzzy subsets of X:

A<, B <= ATL(A) D ATL(B) A ATM(A) C ATM(B)

In order to make this expression fuzzy, we need to find fuzzifications of
the inclusions and the Boolean logical conjunction A. Apparently, the rela-
tion INCLp—its existence is guaranteed because T is supposed to be left-
continuous—is the natural candidate as a gradual concept of inclusion while
A should, clearly, be replaced by some t-norm T

L (A, B) = T(INCLp(ATL(B), ATL(A)),

INCLy(ATM(A), ATM(B))) (65)
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6.9. Theorem. If T dominates T, the binary fuzzy relation 'CT,L 1s a T-
Ep g, ordering on F(X) with
&5 (A, B) = T (SIM7(ATL(A), ATL(B)), SIM7(ATM(A), ATM(B))).
Moreover, the following holds for all A,B € F(X):
Ef’L(A,B) < SIMy (ECX(A), ECX(B)) (6.6)

Proof. Consider the two relations
L'(A, B) = INCLy(ATL(B), ATL(A)),
L"(A, B) = INCLp(ATM(A), ATM(B)).
Obviously, both are reflexive and T-transitive (cf. Lemma 3.3). Due to The-

orem 3.11, therefore, they are fuzzy orderings with respect to 7" and their
symmetric kernels (compare with Example 3.14)

&'(A, B) = min (INCLy(ATL(B), ATL(A)), INCLy(ATL(A), ATL(B)))
= SIM7 (ATL(A), ATL(B))
&"(A, B) = min (INCLyp(ATM(A), ATM(B)), INCL7(ATM(B), ATM(A)))
= SIM7 (ATM(A), ATM(B))
and T. We can apply Theorem 4.1 and obtain that
L; (A, B) =T(L'(A B),L"(A,B))
is a T-Ef ;-ordering with
&7 (A,B) =T(E'(A,B),E"(A, B))
= T (SIM7(ATL(A), ATL(B)), SIM7(ATM(A), ATM(B))).

Now it remains to show that the inequality (6.6) holds. Using basic properties
of minimum and supremum, together with Lemma 2.37, Point 5., we obtain

E. (A, B) = T (SIM7(ATL(A), ATL(B)), SIM7(ATM(A), ATM(B)))
< min (SIM7(ATL(A), ATL(B)), SIM7(ATM(A), ATM(B)))
= min (xlg)f(? HATL(A)(7), paTL(B) (7)),
HATM(A ( ), HATM (B (»T)))
x)),
(2)))

(
inf T'(
reX

= inf min (?(MATL (4) (%), LAaTL(B)
" ?(MA A( ), HATM(B

< inf T (min(parra) (), paraa) (@),

reX
mln(MATM ( ), HATM(B) x)))
ing)f(T(MECX(A)(  1iEex(B) (7))

= SIMy (ECX(A), ECX(B )) O

zeX

x)

(B)
(
(B)
(
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One would naturally assume equality to hold in (6.6) in direct analogy
to the crisp case (see Theorem 6.3)

A<, BANAZ>, B < ECX(A)=ECX(B).

The choice of the connecting t-norm T, however, is the crucial point in this
question. As apparent from the above proof, Ty could be the right choice.
Before going into more detail, we have to prove a fundamental prerequisite
which states that inclusion and similarity of fuzzy sets are preserved by any
hull or image operator—including also the extension principle.

6.10. Lemma. Hulls/images with respect to arbitrary fuzzy relations are
“inclusion-preserving”, i.e., for all fuzzy subsets A, B € F(X) and all binary
fuzzy relations R on X, the following holds:

INCLy (A, B) < INCLy(Hg(A), Hr(B))

Moreover, they are “similarity-preserving”, that is, with the above assump-
tions,

SIM7 (A, B) < SIMr(Hg(A), Hr(B)).

Proof. According to Point 8. of Lemma 2.32, we can expand the definition
with R(y, x):

INCLy (A, B) = inf T (ua(y), us(y))
< yig)f(i?‘(T(uA(y), R(y,x)), T(up(y), R(y, x)))

Since the above inequality holds for all x € X, we can even take the infimum
and obtain

INCLr(4, B) < inf_inf T(T(na(y), Ry, 2)), T(un(y), Ry, ).

Since T is non-decreasing in its second argument, the first assertion follows
just by taking the supremum in the second argument and taking into account
that 7' is left-continuous in its first argument (cf. Lemma 2.33):

inf inf T (T<MA (y)a R(yv x))v T(MB (y)a R(yv x)))

zeX yeX
< inf inf T (T(MA(y)v R(?Ja .I)), sup T(MB<Z)7 R<Za I)))

< 12§( T( sup T(NA(y)a R(y7 LC))7 sup T(MB(Z)7 R(Z, JJ)))
r yeX zeX
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The same is, of course, obtained if A and B are swapped and we get

SIM7 (A, B) = min (INCLy (4, B),INCL(B, A4))
min (INCLr(Hg(A), Hr(B)), INCL(Hg(B), Hr(A)))

SIMy (Hg(A). Hr(B))

IA 1l

which completes the proof. O

Now we are able to show that, for T = T, we have a direct analogue of
Theorem 6.3 in the sense that equality holds in (6.6).

6.11. Corollary. The fuzzy relation

L1(A,B) = L1y,,1(A, B) = min (INCL7(ATL(B), ATL(A4)),
INCL7(ATM(A), ATM(B)))

1s a T-Er-ordering, where

(A, B) = SIMy(ECX(A), ECX(B)).

Proof. We already know from (6.6) that
E.L(A, B) < SIMr(ECX(B), ECX(4)).

Lemma 6.10 provides the basis for applying a similar argument as in the
proof of Theorem 6.3 in the fuzzy case:

SIM7(ECX(A), ECX(B)) < SIMy
= SIMy

ATL
ATL

ECX(A)), ATL(ECX(B)))
A),ATL(B)))

/\/\

SIM7 (ECX(A), ECX(B)) < SIMr
= SIM7

ATM(ECX(A)), ATM(ECX(B)))
ATM(A), ATM(B)))

NN S

Hence,

Ern, (A, B) = min (SIM7(ATL(A), ATL(B)), SIM7(ATM(A), ATM(B)))
> SIMr (ECX(B),ECX(A))

and the proof is completed. O

It remains an open question in which way the crisp ordering <y and the
fuzzy ordering LT ;, are related to each other, in particular, whether LT 5 18
a fuzzification of < < in the sense of Definition 3.4. The next result gives an
exhaustive answer.
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6.12. Proposition. For an arbitrary t-norm T which dominates T, the fol-
lowing characterization of the kernel of Lj , is obtained:

VA Be F(X): L7 (A B)=1<= A B (6.7)
Moreover, E5 ; is separated on Fr(X), i.e.,

VA,Be F(X): & (A, B)=1<=> A~ B (6.8)

Proof. One easily verifies, taking basic properties of T into account, that
the following holds for arbitrary A, B € F(X):

INCLyr(A,B) <—= ACB
Both assertions follow, then, immediately:
L7 (A, B)=1 <= T(INCLy(ATL(B), ATL(A)),

INCL7(ATM(A), ATM(B))) =

INCLy(ATL(B), ATL(A)) = 1 A
INCL7(ATM(A), ATM(B)) = 1

ATL(B) C ATL(A) A ATM(A) C ATM(B)
A<, B

!

Ep (A, B) =1 T (SIM7(ATL(B), ATL(A)),

SIM7(ATM(A), ATM(B))) =
SIM7(ATL(B),ATL(A4)) =1 A
SIMy(ATM(A), ATM(B)) =
ATL(A) = ATL(B) A ATM(A) = ATM(B)
ECX(A4) = ECX(B)

A= B O

[0 A S

The equivalence (6.7) states that <y, is exactly the kernel of L7 ;. There-
fore, we can deduce with Proposition 4.22 that ,CT ; fuzzifies S L Further—
more, the validity of (6.8) means that 2, coincides with the kernel of ST
which implies, due to Proposition 3.7, that ET’ 1 fuzzifies =p.

Almost needless to say, all above constructions can also be carried out
for <y with obvious modifications.

6.13. Example. Let us reconsider the example shown in Figure 6.1, where
we denote the left fuzzy quantity with A and the right one with B, i.e.,

(0,1 — 3|z —2.3|).
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For L = x< (which entails $y=<7, etc.), T = Ty, and T = T, we obtain

~

L£1(A,B)=0.9
L1(B,A)=0
EL(A,B)=0

which seems to be quite a reasonable result.

6.3.2 Compensating different Heights

We have seen already that equal heights of two fuzzy sets are necessary for
comparability with respect to <r, where the same is true for <;. This is
not just an eyesore but really a strong limitation in terms of applicability as
pointed out by B. Moser and L. T. Kéczy in several very fruitful and con-
structive discussions. In accordance to the results in 6.2.2, both suggested
to consider a-cuts, but only up to the minimum of the two heights. Un-
doubtedly, returning to a-cuts would mean a step back, because they are
much more complicated to handle and almost intractable when it concerns
real implementations. Moreover, a fuzzification as in the previous subsection
would be nearly impossible.

In the following, we will present a rather simple way to follow the above
suggestions substantially without running into the difficulties which arise
when considering a-cuts.

6.14. Definition. The greatest common level of two fuzzy subsets A, B of
some domain X is defined as

gcl(A, B) = min (height(A), height(B)).

For a fuzzy set A and an « € [0,1], the a-base | A], is represented by the
membership function

fAl, (¥) = min (pa(x), a).

Basically, the only thing, which has to be done in order to allow compar-
isons of fuzzy sets A, B with different heights, is to replace A and B by their
gcl(A, B)-bases. Obviously, this is equivalent to considering inclusions on
the level of a-cuts up to the greatest common value, as suggested by Moser
and Koczy. Hence, we can define the following relation on F(X):

ASE B = [Alga(a) St [Blgea,n)

It is easy to see that <’ is reflexive. Moreover, non-antisymmetry is char-
acterized as

A<, BAB S, A < ECX(|Algaa,5)) = ECX(|Blyaa,n))-
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Figure 6.3: A counterexample that transitivity does not hold for </ .

The example shown in Figure 6.3 shows that </ is, however, not transitive.
The following holds for these three fuzzy quantities A, B, and C under the
assumptions L = x<, T'=Ti,, and T = Thu:

A<, B

B<, C

AL C
If we consider the so-called strict part of <7, defined as

A5 B <= AS) BABZ A,

we see that not even this relation is transitive, since A g7 B and B 3} C.

Apparently, the problem is due to the “interaction” between | A] gcl(A,B)
and | B]gei(4,B), where both sets depend on the shape, more specifically, the
height of the respective other one.
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The problem could be solved in the framework of our approach if we
find a way to force two fuzzy sets to be comparable by compensating the
different heights independently—without interacting with any other fuzzy
sets. The simpliest approach would be to divide each membership value by
the height which, obviously, yields a fuzzy set with a height of 1. These
divisions, however, cause distortions. Since, from the intuitive point of view,
the position of the ceiling plays a fundamental role when ordering fuzzy sets,
it would be better just to lift the ceiling such that a fuzzy set with height 1
is obtained.

6.15. Definition. For all A € F(X), we define the fuzzy set [A] by the
membership function

_J1 if pa(x) = height(A),
Ha (@) _{ pa(x) otherwise.

The next lemma shows in which way this “lifting” of the ceiling guarantees
equal heights.

6.16. Lemma. Provided that A € Fr(X)U Fu(X), the following holds:
height([A]) =1

Proof. If A € Fy(X), the equality A = [A] holds trivially. If, on the other
hand, ceil(A) # () then [A] is normal. O

Now we can define a modified relation <7 on Fr(X) U Fg(X). Due to
the previous lemma, incomparabilities, which are caused by different heights,
can no longer occur:

AZL B < [A] S0 [B]

6.17. Proposition. The relation S is a preordering on Fr(X) U Fu(X).

Its symmetric kernel = is represented as

A=~ B < ECX([A]) = ECX([B]).
Proof. Follows directly by applying Theorem 6.3 to [A] and [B]. O

Obviously, the relations Sy and < are equivalent to each other as long as
fuzzy sets with a height of 1 are considered. Note that this is not necessarily
true for two fuzzy sets with equal heights which are below 1 (that, however,
would have been the case for <% ).

Fuzzification can be carried out analogously, too. All the results, which
we have proven so far, still hold with obvious modifications.
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6.18. Proposition. Let T be a t-norm which dominates T. Then the binary
fuzzy relation

Ll (A, B)= T(INCLy(ATL([ B]), ATL([ A])),
’ INCLy (ATM([A]), ATM([ B])))

is a T—E%,L ordering on Fr(X)U Fy(X) with

S%L(A, B) = T(SIMr(ATL([A]), ATL([B])),
SIM7(ATM([AT), ATM([B1))).

Furthermore, the following inequality holds for all A, B € Fr(X)U Fg(X):

&7, (A, B) < SIMr (ECX([A]), ECX([BT))

Proof. Immediate consequence of Theorem 6.9. ]
6.19. Proposition. The binary fuzzy relation defined as

L} (A, B) = min (INCLy(ATL([B]), ATL([A])),
INCL7(ATM([A]), ATM([BY)))

is a T-E7-ordering on Fr(X)U Fu(X), where

E7 (A, B) = SIMy (ECX([A]),ECX([BY)).

Proof. Immediate consequence of Corollary 6.11. O

6.3.3 A Clue to Hybridization

If we assume that there are applications in which it is not appropriate to
consider only (extensional) convex fuzzy sets, the above approaches—both
crisp and fuzzy—could run into problems, simply because of their inability to
distinguish between fuzzy alternatives with equal (extensional) convex hulls.
As already mentioned, the two fuzzy quantities in Figure 6.2 demonstrate,
that the (non-)antisymmetry of the preordering <y is not fully exhaustive.

One possible way to gain “more” antisymmetry while keeping all our
present achievements is hybridization with some other ordering method.
More specifically, we have already seen in 4.4.1 (compare with the proof
of Theorem 4.26) that it is possible to construct an ordering < from a pre-
ordering < such that < is a maximal subrelation of <. This is achieved by
factorization with respect to the symmetric kernel of <, defining orderings
of each equivalence class', and lexicographic composition.

'Tf there is no hint how to choose the orderings of the equivalence classes, the well-
ordering theorem still guarantees the existence of such orderings. This is, however, due to
the axiom of choice and, therefore, no constructive answer.
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Such a construction can be applied to a preordering < even if pre-
orderings of the equivalence classes with respect to its symmetric kernel are
considered—with the result that the lexicographic composition does not nec-
essarily yield antisymmetry. Nevertheless, this can still be an improvement
if the preorderings of the equivalence classes are more specific than <.

In order to see what is obtained if we apply this construction principle
to <z (can be transferred to <y and <7 with obvious modifications), let
us consider another preordering of fuzzy sets <. If we denote the greatest
subclass of fuzzy subsets, such that both methods can be applied, with S,
the relation

A:éLB < ((AgLB/\AjB)\/(ASLB/\B%LA))
is a preordering on S, where the following properties hold obviously:

1. If < is an ordering, =X is an ordering.

2. The lexicographic composition Xy is a subrelation of <y, i.e., more
specific than <p:

VA,BES: A:jLB:>A5LB

This statement also entails that the original preordering < has prior-
ity over <.

3. The symmetric kernel is the intersection of the symmetric kernels of
the two relations, i.e., for all A,B € S,

Ar'jLB/\B;jLA — AZ; BANA<XBAB=<A,
which means that 37 is “at least as antisymmetric” as <y and <.

There is, however, one important aspect that should not be overlooked.
If < is not linear, we can come to the peculiar situation that two fuzzy sets
are treated as equal by < but incomparable with respect to 3r.

In the case of the real numbers X = R, a possibility could be to use
one of the known ranking methods which is reflexive and transitive. The
simpliest case could be a method which orders fuzzy quantities according to
one characteristic value (methods of the first class in terms of Wang’s and
Kerre’s classification [66, 68]). Of course, mapping a fuzzy set to one single
value results in a dramatic loss of information as already pointed out by
Freeling [21], Wang, and Kerre [68]. However, the influence of this loss is, in
this specific case, limited, because we are only considering fuzzy quantities
with equal (extensional) convex hulls. The only crucial thing is whether the
method can yield an improvement at all. Adamo’s method of considering
the rightmost value of some a-cut [1], for instance, is even less specific than
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the relation <;. The same happens with Fortemps’ and Roubens’ approach,
which also considers just the boundaries of a-cuts [19], and other methods
which are only applicable for convex fuzzy quantities [10, 43]. Thinking of the
example in Figure 6.2, comparing the centers of gravity of the membership
functions [8] would do a perfect job, the Yager indices [71] as well.

Beside the above approaches, there are a lot of other methods for ordering
fuzzy quantities, some computing distances to reference sets [9, 30, 31], some
utilizing fuzzy relations [3, 13, 54]. It is beyond the scope of this thesis to
check the properties of all possible combinations—the demands on such a
method depend on the specific application anyway.

Finally, it is worth to mention that there is neither a theoretical nor a
practical obstacle to repeat hybridization once or even more often. This
iterative process always yields a preordering as long as all relations, which
are composed, are preorderings.

6.4 The Monotonicity of Extended Monotonic
Mappings

Now we want to clarify in which way the extensions of monotonic mappings
are monotonic with respect to the two basic preorderings of fuzzy sets we
have discussed so far. For this purpose, we consider n-ary functions of the

type
p: Xix---xX, — Y,

with the following additional assumptions:

1. Each X; is equipped with a strongly linear T-F;-ordering L; which di-
rectly fuzzifies a crisp linear ordering <;. By means of the construction
(6.3), <; induces a preordering on F(X;) which we denote with <j,.
According to (6.4), L; induces a preordering on F(X;) which will be
called <.

2. The range space Y is equipped with a strongly linear T-E,-ordering
L, which directly fuzzifies the crisp linear ordering <,. As above,
let us denote the two preorderings of fuzzy sets with <7, and <r,,
respectively.

3. All partial mappings are non-decreasing, i.e., for all ¢ = 1,... ,n and
all z;, % € X;, the implication
T ST = (@ T ) Sy (T, T 2y)

holds, where the values z; € X, for j # 4, are arbitrary but fixed.



102 6. ORDERINGS OF Fuzzy SETS

The question is whether the partial mappings of the extension of ¢ are
also non-decreasing with respect to the above preorderings of fuzzy sets. Be-
fore going into detail, let us briefly mention an auxiliary representation of
inclusions between continuations which will be helpful in our further inves-
tigations.

6.20. Lemma. The following holds for arbitrary fuzzy subsets A, B of an
ordered domain (X, <):

LTR(A) C LTR(B) <= Va €[0,1) Vo € [A], Iy € [Bly: v
RTL(A) C RTL(B) < Va€[0,1) Vo € [A], Iy € [Bly: =

Proof. From Lemma 2.6 and Theorem 5.12, we obtain

LTR(A) C LTR(B) <= Va €[0,1): [LTR(A)]a C [LTR(B)]a

= VYae[0,1): LTR([4],) C LTR([Bla)

and the assertion for LTR follows trivially with Lemma 6.1. The same ar-
gument can be applied analogously to prove the corresponding equivalence
for RTL. O

The following result already gives a positive answer that monotonicities
are preserved by Tyj-extensions if considering preorderings of type (6.3).

6.21. Theorem. All partial mappings of the Tai-extension of @, denoted as
&, are non-decreasing, i.e., for all i =1,... .n and all A;, A, € F(X;), the
implication

Ai 5]1. A;:>@(A1, 7Ai,... 7An) Sjy @(Ah... ,A;... ,An)

holds, where, for j # i, the other components A; € F(X;) are arbitrary but
fized.

Proof. Let us assume that A; <;, A} holds for some i and some fuzzy
subsets A;, A" € F(X;). This implies

LTR(A)) C LTR(4;)
and further, due to Lemma 6.20,

Va €[0,1) Va, € [Al]lq Fz; € [A]a: v ST (6.9)

Now take an arbitrary « € [0,1) and a value 3’ € [P(Aq,..., AL ... An)]a,
i.e., according to Definition 2.41,

sup {min (ay(er)s gy (2D, o1 (20) |
P(T1yee  Thoyan) =Y} >
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Therefore, we can choose a vector (z1,... 2, ... ,x,) such that

o(x1,.0. 2 ) =y

and

min (,U'Ai(xl)w" aMA’l(x'IL)7 7,U'An(xn)) > Q.

In particular, p 4 (2}) > « must hold. From (6.9), we know that there exists
an x; € [A;]o with a; <; ) holds. Of course, the following is true as well:

~t

min (pa; (1), pa; (@), s pa, (Tn)) > o

Since all partial mappings of ¢ are non-decreasing, we obtain that

Y=o(x1,. 0 Ty 2n) Sy e, T ) =

So, we have found a y Sy v in [@(A1,..., Ai, ..., An)]a. which implies, with
Lemma 6.20,
LTR(G(A. ... , Al ...

19

,An)) C LTR(@(Al,... JAi .. ,An)).
The same argument can be applied analogously to show
RTL(@(Al,... NZ R ,An)) C RTL(@(Al,... JAL L ,An))
and the proof is completed. ]

A consequence of the previous theorem is that the extensions of isotonic
operations are isotonic with respect to <;. More specifically, if n = 2,
X1 = X9 =Y, where x is an isotonic operation on X, i.e.,

Vo,y,z € X : (ygz:x*ygx*z)A(xgyix*zgy*z),

the extension of * to fuzzy subsets, denoted *, is also isotonic with respect
to 5 I

VA,B,C € F(X): (B <1 C= AiB <1 AXC)A
(A <1 B= A%C <p BO)

In particular, this means that additions of fuzzy quantities are always isotonic
with respect to the preordering of fuzzy quantities induced by the crisp
ordering of real numbers. The same is true for the multiplication of positive
fuzzy quantities.

The question remains whether the same results hold if we admit indistin-
guishability. As a first immediate result, the answer is positive under some
restrictions in terms of extensionality.
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6.22. Corollary. For all i = 1,...,n and all extensional fuzzy subsets
A;, Al € F(X;), the implication

Ai ,SLZ. A; :>@(A1,... 7Ai,... 7An) SLy @(Ah... ,A;,... 7An)

holds, where the other components A; € F(X;), for j # i, are arbitrary but
fized (not necessarily extensional).

Proof. For some ¢ = 1,... ,n, assume that we have two extensional fuzzy
sets A;, Al for which A; <y, Al holds. Due to Theorem 5.3, we obtain the
following:

A; <1, Al <= LTR(EXT(4;)) D LTR(EXT(4)A
RTL(EXT(4;)) € RTL(EXT(4}))
<= LTR(A;) D LTR(A}) ARTL(A;) C RTL(A})

Theorem 6.21 implies

LTR(H(A1,. .. Aie.. Ay
RTL($(A1,...  Ai ..., Ay

~—

) DLTR(G(Ar,... Al . A,)),
) CRTL(G(Ay,... Al... A,)).

~—

Since, with Corollary 2.55, applying EXT does not change the above inclu-
sions, we obtain

EXT(LTR(G(A1s- .., Aiy... s Ay))) D EXT(LTR(G(A1, ... , ALy, AL))),
EXT(RTL(G(A1,. .., Aiy... , Ay))) € EXT(RTL(G(A1, ... , AL .., AL))).

The fuzzy ordering L, is a direct fuzzification of $,. Theorem 5.3 and
Remark 5.4, therefore, imply

ATL(@(Al,...,Ai,...,A))QA ( (Al,...,Ag,...,An)),
ATM(@(Al,... A o LA, )) C AT ( (A, ... AL ,An)),
and we have proved the assertion. ]

Already a very simple example shows that the assertion of Corollary
6.22 does not hold any longer if the assumption concerning extensionality
is omitted. The reason is that it can happen that significant differences,
which are masked by the extensional hull, may be made visible by ¢. It may
be clear, that the crucial point is whether extensionality is preserved by the
mapping ¢. The following result gives an ultimate answer for the case n = 1.
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6.23. Theorem. Consider a non-decreasing mapping ¢ : X — Y. Then
the implication

ASr, B = ¢(A) <, o(B)

holds for any two fuzzy subsets A, B € F(X) if and only if ¢ is “similarity-
preserving®”, i.e.,

Vo, € X 0 Ep(x,22) < Ey(p(xr), ¢(x2)). (6.10)

Proof. Assume that A <y, B holds. According to Theorem 5.3 and Lemma
6.20, this implies

Va € 10,1) Va; € [EXT(B)]y Jz2 € [EXT(A)]q : 22 Sp 1. (6.11)
We have to show

Va € [0,1) Yy € [EXT(3(B))]a 3y2 € [EXT(A(A)]a : v2 Sy w1
For that purpose, consider an « € [0,1) and some y; € [EXT(4(B))]a, i-€.,

sup T(ug(m)(1): Ey(y1,91)) > a,
YL ey

which implies
I €Y T(upm W), Ey(yrm1)) > a.

Let us choose such a y;. Of course, jus(p)(y1) > « must hold, from which we
obtain

sup{up(r1) | o(x1) =yi} >a = (Fr1 € X : pp(x1) > aAp(x1) =y)).

If we choose such an x;, we obtain, particularly, that x; € [EXT(B)],.
Then we know from (6.11) that there must exist an x9 <, x1 contained in
[EXT(A)],, which is equivalent to

sup T(pa(xy), By (ry,22)) > a.
$’2€X

Hence, we can choose such an x4, € X for which
T(ja(@h), B, 7)) > a

holds. Now we define y, = ¢(x2), where the monotonicity of ¢ assures that
Y2 Sy y1. Let us consider the membership degree

fExT(5(A)) (Y2) = sup T (1) (W), By (15, 12))
AS

2Preservation of similarity can also be regarded as a kind of generalized continuity.
Another common term in literature is “extensionality” (of mappings) [40].
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which is, with y§ = ¢(z}), at least as high as
T (pg(a)(ya), By (4. 12))- (6.12)
Since u¢(A)(y§’) > pa(ah) and, due to (6.10),
Ey(xy,x2) < Ey(o(ah), p(x2)) = Ey(1s,y2),
we obtain that (6.12) is greater or equal to
T(ua(eh), Balih 22)) > a,

and we have shown that

LTR(A) D LTR(B) = LTR($(4)) D LTR(H(B)).
An analogous argument can be used to prove

RTL(4) C RTL(B) — RTL($(A)) C RTL(3(B)).

and we finally succeeded in proving that (6.10) is a sufficient condition for
the monotonicity of ¢.

Reversely, assume that (6.10) does not hold, which means that there exist
two values x1,x9 € X such that

Ey(x1,22) > Ey(p(71), p(22)),

which also implies p(x1) # @(x2). Without loss of generality, assume that
xo Sp x1. We define the two fuzzy sets A = {1} and

1 if © = x4,
up(x) =< E(ry,x0) if x = x9,
0 otherwise.

It is easy to see that

pExT(A)(T) = pexT(B)(T) = E(1,7)

which implies that A <y B. Moreover, one easily verifies the following
equalities:

1Ay (Y) = Xfp(a)} (Y)

1 if y = p(21),
pam)(y) = Elr1,22) if y = o(x2),
0 otherwise.

1ify 2y pl(en),

HLTR(p(A) (Y) = { 0 otherwise,

HEXT(¢(A)) (Y) = Ey(e(21),9)-
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With Lemma 5.2, we obtain

HATL(p(A)) (p(22)) = max (NLTR(«?(A)
(0

— B, (o), ol(2)
< Ex(z1,22) = pypy(p(a2))

and we see that ATL(@(A)) D ATL(4(B)) cannot be fulfilled, which com-
pletes the proof. O

Finally, it is worth to mention that an n-dimensional analogue of Theo-
rem 6.23 does not hold. Consider, for instance, the following example (com-
pare also with Example 4.28):

X=R
T =17,
E(x’y) = max(l — |33 - y|70)
B 1 ifz<y
L(z.y) = { max(l —y + ,0) otherwise

pa(z) = xqy(z)
pp(z) = pe(z) = max(1l — [z —1[,0)
p(r,y)=x+y

It is easy to prove that both partial mappings fulfill condition (6.10):

E(.I,y) = max(l - |$ - y|70)
=max(l— |z +2z—y—2[,0)=E(x+ z,y + 2)
E(y, z) = max(1 — |y — 2[,0)
(

=max(l—|r+y—x—2|,0)=E(x+y,z+2)

Let us denote the extended addition of fuzzy quantities with the symbol &.
Figure 6.4 shows the shape of A, B, C, A® B, and A®C. Since the equalities
EXT(A) = EXT(B) = B are valid, the inclusion A <; B holds trivially,
but A® B and A® C are incomparable (for details how to compute the sum
of two fuzzy quantities efficiently we refer to [14, 51, 52]). Moreover, this
example shows (C' is extensional!) that not even extensionality of the fuzzy
sets in the fixed components can guarantee monotonicity.

6.5 Classification according to Wang and Kerre

Basically because orderings and rankings of fuzzy sets play such an impor-
tant role in a wide variety of different disciplines, much attention has been



108 6. ORDERINGS OF Fuzzy SETS

0.8 0.8
0.6

0.2 0.2

AsC .. o Ba&C

0.2

Figure 6.4: A counterexample that partial non-decreasingness does not nec-
essarily imply non-decreasingness of the extension when considering <y.

paid to these questions in the fuzzy community—resulting in more than 40
different approaches, ranging from extremely simple via fairly complicated
to almost intractable ones. So far, none of these methods is commonly ac-
cepted, perhaps due to the fact that the debate about their behavior or
quality has always been kept on a rather subjective level. In [68], X. Wang
and E. E. Kerre argue that

“... the intuition criterion is extensively applied by researchers.
If one tries to develop a new method aiming at the improvement
of an established ordering procedure, one normally designs some
examples in which the newly developed method derives more rea-
sonable resulting rankings than the known one by his intuition.”

With the motivation to add some objectivity to these discussions, Wang
and Kerre [66, 68, 69| proposed a set of intuitively reasonable criteria for
judging the properties of various ranking methods for fuzzy quantities. Al-
though there is no one-to-one correspondence between ranking and ordering
methods, e.g., concerning linearity, it could still be interesting to check which
of the criteria are met by the preorderings <; and <. So, in the following,
let us assume that <; is the preordering induced by some crisp ordering <
on X and that <y is the preordering corresponding to some fuzzy ordering
L which directly fuzzifies <.

Wang’s and Kerre’s original criteria [66, 68| were formulated for ranking
methods. If we rephrase them such that they can be applied meaningfully to
a pairwise comparison 3 on a subclass § C F(X), where X is an arbitrary
crisp set, the following is obtained for the first three of them:

A The relation X is reflexive.
A, The symmetric kernel of X is an equivalence relation.

A3 The relation 3 is transitive.
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We know from Theorem 6.3 and Corollary 6.4 that all these three conditions
are satisfied for both <7 and <; on § = F(X). Furthermore, we have shown
in Proposition 6.5 that the two relations are even orderings if we restrict S
to Fr(X) or Fr(X), respectively.

The next two criteria state that perfect separation of the supports of
two fuzzy sets should imply an order relation between the two fuzzy sets.
Originally, these criteria employed infima and suprema of the supports. We
will use equivalent formulations, which can even be used in the case of partial
orderings or when infima and suprema are not guaranteed to exist:

A4 The inequality A < B holds for any two fuzzy sets A, B € S which
have the following property:

<u<o<

Ju,v € X Vo € supp(A) Vy €supp(B): v Ju v 3y

(6.13)
A’} The strict inequality A 3 B holds for any two fuzzy sets A,B € S
satisfying (6.13).

We have seen in 6.2.3 (cf. Lemma 6.8) that comparability is crucial with-
out restrictions concerning the heights the considered fuzzy sets. The next
result states in which way the fulfillment of the above two criteria can be
guaranteed.

6.24. Proposition. Both preorderings S; and <p satisfy criterion A4 on
S = Fu(X), where Sy even satisfies Aly. If the underlying fuzzy equivalence
relation E is a fuzzy equality, i fulfills A) on Fp(X) as well. Moreover,
the extensionality of all A € S C Fy(X) is a sufficient condition that <p
fulfills Ay on S.

Proof. Assume that, for two fuzzy sets A, B € Fy(X), the condition (6.13)
is satisfied. Hence, all elements in supp(A) and supp(B) are comparable.
Furthermore, supp(A) and supp(B) must be disjoint and we obtain the fol-
lowing:

Vo € supp(B) @ pirrr(a)(2) =suppa(y) =  sup  pa(y) =1
ySa y€Esupp(A)

This implies that LTR(B) can never exceed LTR(A). The same argument
can be applied analogously to RTL and we have proven that <; must fulfill

criterion Ay4. With the well-known representations (cf. Theorem 5.3 and
Remark 5.4)

ATL(A) = EXT(LTR(A))
ATM(A) = EXT(RTL(A))
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and the monotonicity of EXT (cf. Corollary 2.55), we can deduce immedi-
ately that < satisfies Ay, too.

Taking the fact, that supp(A) and supp(B) are disjoint, and formula
(6.13) into account, we see that

Vo € supp(A) : prrr(a)(®) > 0= pprr(s) (v)
Va € supp(B) : prrnB)(T) > 0= prrra)(z)

which implies that <; satisfies A} on Fp(X). Of course, this also transfers
to <r which coincides with <; as long as A and B are extensional (trivial
consequence of Theorem 5.3 and Remark 5.4).

Now assume that F is a fuzzy equality. In order to prove that <y fulfills
A, it is sufficient to show that there is an = € supp(A4) such that

pa(x) > pexr(s) ()

If this is the case, the assertion ATL(A) D ATL(B) follows from the fact that
< fulfills AY). For arbitrary o € supp(A4) and y € supp(B), compatibility
and separatedness entail

ryugvgy = E(ry) < E(u,v) <L
Since height(A) = 1, we can find an 2’ € supp(4) such that

pa(a’) > E(u,v) > sup{T(up(y), E(y,2")) | y € supp(B)}

which completes the proof. O

Criterion Aj originally stated the independence of a comparison from the
other fuzzy alternatives which have to be ranked. This is trivially fulfilled if
only two elements are compared. Therefore, it can be skipped here.

The remaining criteria concern the isotonicity of addition and multiplica-
tion of fuzzy quantities. Since this is not so easy to transfer to other domains,
we will restrict ourselves to X = R here. Let us denote the addition of fuzzy
quantities with & and the multiplication with ©.

Ag The following implication is fulfilled for all A, B,C € §:
AZXB = AaC3BaC

Ay The following holds for all A, B,C € S\i:
AZB = AaoCZBaC

Ay Forall A,B,C € S,

(V<XCANA<SB = AGC=<B&C
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Figure 6.5: A counterexample that criterion Ag is not satisfied for <j.

Theorem 6.21 readily shows that Ag holds on § = F(X) for the pre-
ordering <y if it is induced by the ordering of real numbers <. If all fuzzy
sets in S are extensional, the same is true for <y, (cf. Corollary 6.22) un-
der the assumption that it is induced by a fuzzy ordering L which directly
fuzzifies <. With slight but obvious modifications, we obtain the same for
criterion Ax.

The following counterexample, however, shows that Ag is not satisfied
for <; if we consider § = Fy(X). Of course, since <; is more specific than
the relations <y, it cannot be fulfilled for the preorderings <y, either:

(2) = max(0,1 —z) ifz>0
palt) = max(0,1 + 5) otherwise

() = max(0, 1 — )

(z) = max(0,1 —x) ifx>0
R =11 otherwise
max(0,1 —3) ifzx>0

tasc(x) = ppac(x) = { 1 otherwise

Summary

1. If an arbitrary ordered domain X is considered, <; and <y always
fulfill A;—Ag and Aj on the entire fuzzy power set F(X).

2. If § = Fu(X), As is always satisfied. The preordering <; satisfies
criterion A/, A relation <y, fulfills A/ if at least either the underlying
fuzzy equivalence relation is separated or only extensional fuzzy subsets
are considered.

3. Consider the case X = R, where <; is induced by the linear ordering
of real numbers and <7, corresponds to some strongly linear ordering L
which fuzzifies <. Then <; additionally satisfies Ag and Ay, where the
same is true for <y, if only extensional fuzzy quantities are considered.
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Chapter 7

Conclusion and Outlook

The objective of this dissertation is to show constructive ways of utilizing
gradual concepts of orderings for applications in fuzzy systems. By means
of three case studies, we have seen that the well-known definitions of fuzzy
orderings do have counter-intuitive properties which can be considered as
serious obstacles when it concerns applications. The final conclusion was
that it contradicts to the nature of vague environments to demand crisp
equality in the definition of antisymmetry. This “half-way fuzziness” and the
problems arising from it were resolved by replacing the crisp equalities in the
definitions of reflexivity and antisymmetry by a similarity relation.

Starting from this key idea of admitting a context-dependent concept of
gradual equality, we have discussed several analogues between crisp orderings
and the generalized class of fuzzy orderings. In particular, constructions of
fuzzy orderings as intersections and Cartesian products have been studied,
where it remains an open problem how to define fuzzy orderings of product
spaces by lexicographic composition. Moreover, it has been investigated
extensively in which way fuzzy orderings can be considered as fuzzifications
of crisp orderings including a fundamental result stating that strongly linear
fuzzy orderings are uniquely determined as direct fuzzifications of crisp linear
orderings.

With the aim of defining ordering-based hedges, which can be particularly
useful in a wide scope of applications, hulls of fuzzy orderings and their
characterizations have been studied. As an important result, the separability
of direct fuzzifications into crisp orderings and fuzzy equivalence relations
turned out to transfer to their corresponding hull operators, too.

The last chapter was devoted to methods for defining orderings of fuzzy
sets by means of hulls of fuzzy orderings. It is worth to stress again that this
approach is not only applicable to convex fuzzy quantities or even smaller
subclasses—the new approach can be applied to arbitrary fuzzy subsets of
arbitrary, even partially ordered domains. The remaining portion of non-

113
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antisymmetry has been characterized including ways to reduce it by hy-
bridization with other ordering methods. Furthermore, connections to other
ordering methods have been discussed as well as conditions, under which the
extensions of monotonic mappings are also monotonic with respect to the
considered orderings of fuzzy sets.

Now, after providing the mathematical apparatus for integrating fuzzy
orderings in applied areas, the challenge is to actually perform this integra-
tion. As mentioned in Chapter 1, rule interpolation and linguistic approxi-
mation are areas where fuzzy orderings could be helpful while ordering-based
hedges can provide the basis for reducing the size of fuzzy rule bases while
improving interpretability, surveyability, and, therefore, tractability. More-
over, it is, certainly, worth to take a very close look at possible applications
in fuzzy decision making.



Symbol Reference

0 empty set

N positive integers

R real numbers

[a, b] closed interval

[a,b), (a,b] half-open intervals

(a,b) open interval

XM characteristic function

A membership function

height(A) height of fuzzy set

supp(A) support of fuzzy set

ceil(A) ceiling of fuzzy set

kern(A) kernel of fuzzy set

gcl(A, B) greatest common level of two fuzzy sets
P(X) power set, i.e., set of crisp subsets
F(X) fuzzy power set, i.e., set of fuzzy subsets
Fr(X) set of fuzzy subsets with height 1
Fr(X) set of convex fuzzy subsets

Fr(X) set of extensional convex fuzzy subsets
Fn(X) set of normal fuzzy subsets

Fr(X) set of fuzzy subsets with non-empty ceiling
[Alo strict a-cut

(A, non-strict a-cut

a a-base
normalization by lifting the ceiling

Nr intersection of fuzzy sets w.r.t. t-norm T
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Us union of fuzzy sets w.r.t. t-conorm S 16
Cn fuzzy complement w.r.t. negation N 18
X7 fuzzy Cartesian product w.r.t. t-norm 7' 25
ACB subsethood admitting equality; used for both crisp 5
and fuzzy sets
ACB proper subsethood 64
T™M minimum t-norm 12
Tp product t-norm 12
T, FLukasiewicz t-norm 12
Tw drastic product 13
Tf Frank t-norm with parameter \ 13
SM maximum t-conorm 15
Sp algebraic sum 15
ST, Lukasiewicz t-conorm 15
Sw drastic sum 15
Sf Frank t-conorm with parameter A 16
Ng standard negation 16
Nt intuitionistic negation 16
Np dual intuitionistic negation 17
Jig?) n-th power w.r.t. t-norm T 13
It S-implication 19
T residuum of left-continuous t-norm 7T 19
T biimplication of left-continuous t-norm T 22
) extension of mapping ¢ to fuzzy sets 24
* extension of binary operation * to fuzzy sets 103
S3) addition of fuzzy quantities 107
® multiplication of fuzzy quantities 110
R inverse of fuzzy relation 26
R? dual of fuzzy relation 26
or T-composition of fuzzy relations 26
~E kernel relation of fuzzy equivalence relation 42
45 kernel relation of fuzzy ordering L 61
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X J~ factor set w.r.t. equivalence relation ~ 58
X/E fuzzy factor set w.r.t. fuzzy equivalence relation F 58
(x) equivalence class 59
Hp(A) hull/image w.r.t. fuzzy relation R 30
EXT(A) extensional hull 34
ATL(A) hull w.r.t. a fuzzy ordering 72
ATM(A) hull w.r.t. the inverse of a fuzzy ordering 72
LTR(A) hull w.r.t. a crisp ordering 73
RTL(A) hull w.r.t. the inverse of a crisp ordering 75
CVX(A) convex hull 76
ECX(A4) extensional convex hull 76
SGT, SLS, other ordering-based hedges and connectives 81
WIT, ECL,

BTW

INCLy (A, B) degree of inclusion of fuzzy sets 41
SIM7(A,B)  degree of similarity of two fuzzy sets 48
<7 interval ordering 84
<7 preordering of fuzzy sets induced by crisp ordering 85
<L preordering of fuzzy sets induced by fuzzy ordering 85
&~ symmetric kernel of <; 87
=33 symmetric kernel of <, 87
NP various generalizations of <p 96
'CT, . Lr fuzzy orderings of fuzzy sets 91
ST, €L fuzzy equivalence relations corresponding to 'CT, ; and 92

L, respectively

The symbols A, V, =, <, =, V, and 3 have been used solely for Boolean log-
ical expressions. In order to avoid excessive use of parentheses, the following

implicit ranking of priority has been assumed by default (1 ...
5 ... weakest):

ANl S

Relational symbols, such as =, #, C, <, <, etc.
Negation —

Conjuntion A and disjunction V

Implication = and equivalence <

Quantifiers V and 3.

strongest,
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