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Summary

This paper is devoted to a class of fuzzy or-
derings which play a fundamental role in de-
cision analysis and fuzzy control—strongly
linear fuzzy (weak) orderings. First, we see
that any relation of that kind can be decom-
posed into a crisp linear ordering and a fuzzy
equivalence relation. As a consequence, a
general representation theorem follows. Fi-
nally, a method for constructing strongly lin-
ear fuzzy orderings from pseudo-metrics is
presented.
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1 INTRODUCTION

Fuzzy (weak) orderings have been studied intensively
in the context of preference modeling [3, 5, 6]. Re-
cent investigations [1, 2], moreover, have shown that
they can also be integrated fruitfully in areas related
to fuzzy systems.

Definition 1. Consider a t-norm 7. A binary fuzzy
relation R : X2 — [0,1] is called

1. reflezive if Vre X : R(z,z) =1,
2. symmetric iff Vz,y € X : R(z,y) = R(y, z),
3. T-transitive iff

Vz,y,2 € X : T(R(z,y),R(y,2)) < R(z,2),

4. strongly linear (strongly complete) iff

Vz,y € X : max (R(z,y),R(y,z)) = 1.

Definition 2. Suppose that T is an arbitrary t-norm.

1. A reflexive and T-transitive fuzzy relation is called
fuzzy preordering with respect to a t-norm T,
short T-preordering.

2. Symmetric T-preorderings are called fuzzy equiv-
alence relation with respect to T', short T'-equiva-
lences.

3. If a T-preordering is, in addition, strongly linear,
it is called fuzzy weak ordering with respect to T,
for brevity weak T-ordering.

It is known, at least if the underlying t-norm 7T is left-
continuous, that T-preorderings and T-equivalences
are, in some sense, generated by families of fuzzy sub-
sets of X [8], while an analogous unique representation
of fuzzy weak orderings is still missing. The purpose
of this paper is (1) to close this gap and (2) to use
some of the representation results to link fuzzy weak
orderings with pseudo-metrics.

2 REPRESENTATIONS

As a first important result, we can show that any fuzzy
weak ordering can be decomposed into a crisp ordering
and a fuzzy equivalence relation. In order to be able
to do so, we have to introduce the notion of compati-
bility between a crisp ordering and a fuzzy equivalence
relation first.

Definition 3. Let < be a crisp ordering on X and let
FE be a fuzzy equivalence relation on X. F is called
compatible with <, if and only if the following impli-

cation holds for all z,y,z € X:

2 Sy S 2= E(z,2) <min (E(2,y), E(y, 2))

This property can be interpreted as follows: The two
outer elements of a three-element chain are at most as
similar as any two inner elements.



Theorem 4. Consider a fuzzy relation L on a domain
X. Then the following two statements are equivalent:
(i) L is a weak T-ordering.

(i) There exists a linear ordering < and a T-equiva-
lence E, which is compatible with <, such that L
can be represented as follows:

11! frSy

Liw.y) = { E(z,y) otherwise

Proof. See [1]. O

1)

The representation (1) implies that any weak T'-
ordering is uniquely characterized as a “direct fuzzi-
fication” of a crisp linear ordering <, where the fuzzy
component can solely be attributed to a T-equivalence.

What follows next is a unique residuum-based char-
acterization of fuzzy weak orderings. For the remain-
ing section, assume that 7' denotes a left-continuous
t-norm with the unique residual implication

T(z,y) = sup{z € [0,1] | T(z,2) < y}
and its corresponding biimplication

Tﬁ(m,y) = min (T)(Ly), f(yw))

Valverde [8] has shown that any set of fuzzy subsets
(A;)icr generates a T-preordering by

L(z,y) = nf T (ua,(2), pa,(v))- (2)

The reverse is true as well, i.e. any T-preordering is
generated by some family (A;);cs in the above way.

An analogous representation holds for T-equivalences
if we replace the implication T by the biimplication f,
i.e. a fuzzy relation E is a T-equivalence if and only
if there exists a family of fuzzy subsets (A;)icr such
that the following holds [8]:

E(w,y) = nf T (ua, (@), pa, () 3)

For fuzzy weak orderings, however, no such unique rep-
resentation is available. Several researchers have con-
sidered fuzzy relations generated by single fuzzy sets
3, 5]

L(z,y) =T (na(®), pa(y)). (4)

As follows from elementary properties of the implica-
tion 7, (4) always defines a weak T-ordering, while
not every weak T-ordering can be represented in that
way.

Theorem 4, however, enables us to formulate a gen-
eral representation theorem for arbitrary fuzzy weak
orderings with respect to left-continuous t-norms.

Theorem 5. Provided that L is a binary fuzzy re-
lation on o domain X and that T denotes a left-
continuous t-norm, the following two statements are
equivalent:

(i) L is a fuzzy weak ordering with respect to T .

(i) There exists a linear ordering < on X and a fam-
ily of fuzzy subsets (A;)icr of X, the membership
functions of which are non-decreasing with respect
to <, such that the representation (2) holds.

Proof. (i)=(ii): First of all, Theorem 4 guarantees
the existence of a linear ordering <, which is “be-
low” L, i.e.

Sy = L(z,y) =1 (5)
Assuming I = X, we define

Hzo () = L(zo, )

for all zo € X. Since L is T-transitive and prop-
erty (5) holds, z < y implies

=1

—
L(J,'o,x) = T(L(mo,x),L(x7y)) < L(.’E07y)

which equivalent to ., (z) < pz,(y) and we have
shown that all membership functions u,, are non-
decreasing w.r.t. <. Then the representation (2)
follows from reflexivity and T-transitivity as in
the proof of [8, Theorem 4.1].

(#)=(i): Analogous to the proof of [8, Theorem 4.1],
where strong linearity immediately follows from
the monotonicity of all p4;. O

It is worth to mention that, if we start from a given
weak T-ordering L, neither the ordering < nor the
family (A;)icr need to be unique.

Finally, we can adapt the representation (3) to the case
of compatibility with a given crisp linear ordering.
Theorem 6. Consider a crisp linear ordering < of
the domain X and a fuzzy relation E : X2 — [0,1].
Then the following two statements are equivalent:

(i) E is a T-equivalence which is compatible with <.

(i3) There exists a family of fuzzy subsets (A;)icr, the
membership functions of which are non-decreasing
with respect to <, such that the representation (3)
holds.

Proof. (i)=(4): First of all, by (1), we can define a
weak T-ordering L. It is easy to see that E is
exactly the symmetric kernel of L:

E(v,y) = min (L(z,y), L(y, v))



Since, for the relation L, Theorem 5 is applicable,
we obtain

E(z,y) min (L(x,y), L(y,z))

i€l

)
inf T (14, (),
)
)

(11)=(i): Similar to [8, Theorem 4.2], where the com-
patibility easily follows from the monotonicity of
all pa,;. O

3 CONSTRUCTIONS

In this section, we will discuss in which way strongly
linear fuzzy orderings can be constructed provided
that some linear ordering of the given universe is
known. Of course, Theorem 5 provides the most flex-
ible way to construct such orderings. Alternatively,
we will now consider how, by means of Theorem 4,
strongly linear fuzzy orderings can be constructed from
pseudo-metrics, at least if the considered t-norm T is
continuous and Archimedean, i.e.

Vz e (0,1): T(z,z) < .

We will utilize the well-known correspondence between
pseudo-metrics and T-equivalences (e.g. [4]) and ex-
tend this concept in order to integrate compatibility
with a given crisp linear ordering.

Before turning to the core, let us briefly recall some
important preliminaries.

Theorem 7. A function T : [0,1]> = [0,1] 4s a con-
tinuous Archimedean t-norm if and only if there exists
a continuous, strictly decreasing function f :[0,1] —
[0, 0o] with f(1) = 0 called additive generatorsuch that,
for all z,y € [0,1], the following holds:

T(z,y) = f~(min(f(2) + f(y), £(0))

The generator f is uniquely determined up to a positive
multiplicative constant.

Proof. See e.g. [7]. O
Definition 8. A mapping d : X2 — [0, 00] is called

pseudo-metric on X if and only if the following axioms
hold:

1. Homogeneity: Yz € X : d(z,z) =0

2. Symmetry: Vz,y € X : d(z,y) = d(y,x)
3. Triangle inequality:

Va,y,2 € X : d(z,2) < d(z,y) +d(y, 2)
Theorem 9. Assume that T is an Archimedean t-
norm with an additive generator f.

1. For any pseudo-metric d : X2 — [0, 00], the map-
ping
Eq(z,y) = f~' (min(d(z,y), f(0)))  (6)
defines a T-equivalence on X .

2. Provided that E is o T -equivalence on X, we can
define a pseudo-metric dg as

dp(z,y) = f(E(z,y)). (7)

Proof. See [4]. O

The following lemma induces a dual notion of com-
patibility between pseudo-metrics and orderings and
characterizes its correspondence with the compatibil-
ity between fuzzy equivalence relations and orderings.

Lemma 10. Let T be a continuous Archimedean t-
norm with an additive generator f and let < be an
ordering of the domain X.

1. If a pseudo-metric d on X has the property

Ve,y,2€ X: 2 SySz=
d(z,z) > max(d(z,y),d(y, 2)), (8)

then its induced fuzzy equivalence relation Eq, de-
fined as in (6), is compatible with <.

2. If a fuzzy equivalence relation E is compatible with
<, its induced pseudo-metric dg, defined as in

~

(7), fulfills property (8).

Proof. Follows directly from the fact that the additive
generator f and its inverse are non-increasing function.
O

Moreover, we obtain that all desired properties remain
even after transformation with some monotonic (not
necessarily bijective) function.

Lemma 11. Consider a pseudo-metric d : X? —
[0,1], which is compatible with a linear ordering <,
and a non-decreasing function ¢ : X — X. Then the

mapping
d'(z,y) = d(e(z), ¢ (y))

also defines a pseudo-metric on X which is compatible
with <.

Proof. Trivial. O



Putting all the above results together, we obtain the
following construction theorem.

Theorem 12. Assume that we are given a crisp linear
ordering < of a space X, a pseudo-metric d, which is
compatible with < in the sense of (8), a continuous
Archimedean t-norm T with an additive generator f,
and a non-decreasing function ¢ : X — X. Then

_J1 fzSy
Loalz,y) = { E, q(z,y) otherwise
defines a strongly linear fuzzy ordering with respect to
T and

Epa(z,y) = f~ (min(d(p(z), ¢ (y)), £(0)))-

Proof. Immediate consequence of Theorem 4 and the
above results. O

Example 13. It is easy to see that d(z,y) = |z —y| is
a (pseudo-)metric on the real numbers which is com-
patible with their natural ordering <. It is, moreover,
straightforward to check that 1 — x is a self-inverse
additive generator of the Lukasiewicz t-norm

Ti(z,y) = max(z +y — 1,0)

and that e~* is an additive generator of the product
t-norm Tp, whose inverse is —Inz. Hence, for any
non-decreasing function ¢ : R — R, we obtain that

Ej(z,y) =1 — (min(|e(z) — ¢(y)l, 1))
= max(1 — [p(z) — ¢(y)],0)

is a Tr-equivalence which is compatible with < and
that

E!f:(x7y) =e" mln(“P(E)_‘P(y)lvoo) — e_l‘P(I)—QO(y)‘

is a Tp-equivalence which is compatible with <. Then,
based on Theorem 12, we can define strongly linear
fuzzy orderings on the real numbers, which fuzzify the
linear ordering <.

Not surprisingly, we can also revert this construction:
Starting from an arbitrary weak T-ordering L, by
means of Theorem 4, we obtain a linear ordering <
and a T-equivalence E compatible with <. Then, by
Theorem 9 and Lemma 10, we can construct a pseudo-
metric which is compatible with < as well.

4 CONCLUDING REMARKS

We have seen in which way fuzzy weak orderings are
characterized. On the one hand, they can be consid-
ered as combinations (unions) of crisp linear orderings
and fuzzy equivalence relations. On the other hand,

they are uniquely characterized as (possibly infinite)
min-intersections of fuzzy weak orderings induced by
fuzzy sets with monotonic membership functions. Per-
haps the most important discovery is that, even if in-
termediate degrees of preference are allowed, there is
an underlying crisp ordering.

In the second part—soundly extending the well-known
connection between pseudo-metrics and fuzzy equiv-
alence relations—we have considered the correspon-
dence between fuzzy weak orderings and pseudo-
metrics.

The next step is to study the consequences of these re-
sults in decision making, in particular concerning ag-
gregation of preferences.
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