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Introduction



Introduction

o « part of curriculum “master of science in bioinformatics”
2 Generalization Error

21 Model Qualty « part of curriculum “computer science” (major CE, major int. sys.)
. en. error

2.2.1 Definition
2.2.2 Estimation
2.3 Minimal Risk

Example * Machine learning major research topic: Google, Microsoft, Amazon,
3 Maximum Likelihood | Fgcebook, AltaVista, Zalando, and many more

3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative

3.1.3 Parameter » Applications: computer vision (image recognition), speech recognition,
S MOE Bias. & recommender systems, analysis of Big Data, information retrieval
Variance

3.3 Cramer-Rao Lower

Bound and Efficiency [« \Mining the web: search engines, social networks, videos, music

3.4 Maximum
Likelihood Estimation

Eatimator « Machine learning applications in biology and medicine:

e « microarrays, sequencing

O o - alternative splicing, nucleosome positions, gene regulation
3.53 MLE s consistent  single nucleotide polymorphisms / variants (SNPs, SNVs)
3.6 Expectation  copy number variations (CNVs)

g%x&n;%zifm Entropy » diseases: Alzheimer, Parkinson, cancer, multiples sclerosis,
stimation

schizophrenia or alcohol dependence
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Introduction

This course introduces theoretical concepts machine learning methods.

2 Generalization Error
2.1 Model Quality
2.2 Gen. Error

2.2.1 Definition maximum likelihood estimator is motivated by estimation theory:
2.2.2 Estimation . b

2.3 Minimal Risk 1as

Examele . efficient

3 Maximum Likelihood| o  Cramer-Rao lower bound

3.1 Loss Unsupervised|

3.1.1 Projections e Fisher information matrix

3.1.2 Generative . .

3.1.3 Parameter e consistent estimator

Estimation

3.2 MSE, Bias, &

Variance Consistent: more data lead to better results

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation
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Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Statistical learning theory:
empirical risk minimization

structural risk minimization

Optimization
e gradient-based
e convex optimization

Bayes framework:
» estimate the posterior
» derive error bounds for model predictions
» optimize hyperparameters
* integrating out the posterior
* evidence framework

Theoretical Concepts of Machine Learning

complexity of model classes: VC-dim., growth, annealed entropy
bounds on the generalization error: Vapnik, Chernoff, covering #
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Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

We define quality criteria for selected models in order to pin down a

goal for model selection, i.e. learning.
maximum likelihood:

 Unbiased

o Efficient

maximum likelihood in supervised learning: noise models
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Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Theoretical Concepts of Machine Learning

A central question in machine learning is:
Does learning from examples help in the future?

Learning on the training data is called “empirical risk minimization”
(ERM) in statistical learning theory.

Complexity is restricted: ERM helps
Under mild conditions the convergence is uniform and even fast, i.e.
exponentially.

To measure the complexity of the model class we will introduce the
VC-dimension (Vapnik-Chervonenkis).

theoretical upper bounds on the generalization error
- “structural risk minimization”

We introduce basic techniques for minimizing the error that is
techniques for model selection for a parameterized model class.
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Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

 does learning from examples help in the future?

* “empirical risk minimization” (ERM)

« complexity is restricted and dynamics fixed

* “learning helps”: more training examples improve the model
 converges to the best model for all future data

 convergence is fast

» complexity of a model class: VC-dimension (Vapnik-Chervonenkis)
» “structural risk minimization” (SRM): complexity and model quality

* bounds on the generalization error
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Generalization Error

1 Introduction

2.2 Gen. Error
2.2.1 Definition
2.2.2 Estimation
2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

» quality criteria - goal for model selection / learning

» approximations

 unsupervised learning: maximum likelihood

 concepts: bias and variance, efficient estimator, Fisher information

« supervised learning considered in an unsupervised framework:
error model
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Model Quality

1 Introduction
2 Generalization Error

2.2 Gen. Error
2.2.1 Definition
2.2.2 Estimation
2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

* learning equivalent to model selection
» quality criteria: future data is optimally processed
* other concepts: visualization, modeling, data compression

« Kohonen networks= self-organizing maps (SOMs):
no scalar quality criterion (potential function)

« advantage quality criteria: - comparison of different models
- quality during learning known

* supervised quality criteria: rate of misclassifications or squared error

 unsupervised criteria: - likelihood
- ratio of between and within cluster distance
- independence of the components
- information content
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Generalization Error: Definition

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

 performance of a model on future data: generalization error

* error on one example: loss or error

» expected loss: risk or generalization error

Theoretical Concepts of Machine Learning
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Generalization Error: Definition

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Training set: X — {ar;l, o ,a;l} c R¢
Label or target value: y* € R

Simple: z = (x,y) and z € Z = RI*1

Training set: {zl, . ,zl}

Matrix notation for training inputs: X = (agl, ... ,agl)T
. 1 AN

Vector notation for labels: Yy = (y ] )

Matrix notation for training set: 7 — (zl, ,zl)
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Generalization Error: Definition

1 Introduction

2 Generalization Error The loss function
2.1 Model Quality
2.2 Gen. Error
2.2.1 Definition

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
0 for

3.1.1 Projecti
3.1.2 Generatve zero-one loss: L(y, g(x;w)) = L
or

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3541 Invariant Generalization error:

Asymptotically

for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Z

Theoretical Concepts of Machine Learning

2.2.2 Estimation quadratic loss: Lly,g(x;w)) = (y — g(x;w))

y = g9(x;w)

sssmcrconssen|  R(g(;w)) = E; (L(y, g(z;w))) = / L(y,g(z;w)) p(2) dz
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Generalization Error: Definition

1 Introduction

2 Generalization Error

2.1 Model Quality y is a function of @ (target function: y = fiz)) plus noise:
2.2 Gen. Error

e |y = f(x) + €

Example

3 Maximum Likelihood w w

3.1 Loss Unsupervised| ( | ) p— ( — f ( ))
3.1.1 Projections p y pn y
3.1.2 Generative
3.1.3 Parameter

camain. | p(2) = p(x) p(y|x) = p(x) puly — f(x))

Variance
3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum :
Ukelibood Estmation |  NOW the risk can be computed as
3.5 Properties
Estimator

352MLER. R(g(;;w)) = /L(y,g(w;w))p(m) pn(y — f(x)) dz =
Gi)gi?azt:c;l;ilg Efficient Z

3.5.3 MLE is consistent

for Zero CRLB
iz | @ [ Lwg@w) sy - f(@) dy da
o imanon Mo S X R
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Generalization Error: Definition

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

R

g(x;w)) = Eyo (L(y,9(x;w))) =

Ly, g(z;w)) pn(y — f(x)) dy
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Generalization Error: Definition

1 Introduction

2 Generalization Error
2.1 Model Quali . .
22 Gon. Error The noise-free case is Y
2.2.1 Definition
2.2.2 Estimation
2.3 Minimal Risk
Example

swemmuaness|  F2(g(T;w)) = L(f(x),9(z;w)) = L(y,g9(z;w))

3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, & I iFi .
o o simplifies to:
3.3 Cramer-Rao Lower
Bound and Efficiency

e | R(g(sw)) = [y p(x) L(f(x), g(x;w)) da

3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

|
=
8
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Generalization Error: Estimation

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

p(2) is unknown

especially p(y|x)

risk cannot be computed

practical applications: approximation of the risk

model performance estimation for the user

Theoretical Concepts of Machine Learning

Sepp Hochreiter



Generalization Error: Estimation

1 Introduction

2 Generalization Error . .
2.1 Model Quality Test set approximation:
2.2 Gen. Error

i | R(g(5w)) = Ez (L(y, 9(z;w)))

3 Maximum Likelihood
3.1 Loss Unsupervised|

3.1.1 Projections expectation can be approximated using
3.1.2 Generative
3.1.3 Parameter l _I_m

Estimation

3.2 MSE, Bias, & ]- 7/ ’L
e (G W)) 2 > Ly, g(z";w))

Bound and Efficiency
3.4 Maximum y —
Likelihood Estimation 1=l + 1
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE is l—|—]_ l—|—
Asymptotically ; . m
Unbiased and Efficient Wlth teSt Set' { < 9 o o o o < }
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation
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Generalization Error: Estimation

1 Introduction

2 Generalization Error * not enough data for test set (needed for training)
2.1 Model Quality

2.2 Gen. Error
2.2.1 Definition . .
* cross-validation
2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1Loss Unsupervised  (Cross-validation folds:
3.1.1 Projections
3.1.2 Generative

3.1.3 Parameter tralnlng Set

Estimation
3.2 MSE, Bias, & J/\

Variance

3.3 Cramer-Rao Lower / \
Bound and Efficiency

3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB
3.6 Expectation

Maximization N )
3.7 Maximum Entropy Y

Estimation
fold
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Generalization Error: Estimation

1 Introduction 1

2 Generalization Error

2.1 Model Quality n-fold cross-validation
2.2 Gen. Error .
2.2.1 Definition (here 5-fold):

2.3 Minimal Risk v ———
Example evaluation (raining

.\

N

\

3 Maximum Likelihood
3.1 Loss Unsupervised| e 7

3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower v

Bound and Efficiency Wmatmn /
3.4 Maximum o

Likelihood Estimation traimng

3.5 Properties
Estimator
3.5.1 Invariant .
3.5.2MLE is
Asymptotically
Unbiased and Efficient 5.
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

\(-
\

,

L
_-'V"_ Y

fraining evaluation

o
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Generalization Error: Estimation

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Theoretical Concepts of Machine Learning

Rn-ov(Z1) = ;30 7 > (L («%9 ("35'“’9' (Zl \ le/n»))
zer/n
Rn—c:r,j(Zl)

cross-validation is an almost unbiased estimator for
the generalization error:

Eziq-1m (L (9 (5w (Zia-1/m)))) = Ez (Ru—cv (Z))

Generalization error on trainings size without
one fold I - I/n can be estimated by cross-
validation on training data I by n-fold cross-
validation

Sepp Hochreiter



Generalization Error: Estimation

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

« advantage: test examples only once used
(better than multiple dividing the data into training and test set)

* disadvantage:
- training sets are overlapping
- one fold on same model - test examples dependent
- these dependencies - cv has high variance
(one outlier influences all estimates)

* special case: leave-one-out cross-validation (LOO-CV)
- I-fold cross-validation, where each fold is one example
- test examples to not use the same model
- training sets are maximal overlapping
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Minimal Risk for a Gaussian Classification Task

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Class y = 1 data points are drawn according to

plx|y=1) oc N(p1,%)

and class y = -1 according to
px|y=-1) < N(p—1,%-1)

where the Gaussian N (, 32) has density

1 1

p(x) = 5

Theoretical Concepts of Machine Learning
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Minimal Risk for a Gaussian Classification Task

1 Introduction

2 Generalization Error

2.1 Model Quality Linear

2.2 Gen. Error .

59 1 Definition transformations of
2.2.2 Estimation H

eyl Gauss!ans lead to
Example Gaussians

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
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« probability of observing a point from class y=1 at z: p(x,y
» probability of observing a point from class y=-1 at : p(x, y

p(y=1)

+ Conditional probability: p(a,y = 1) plx|y=1)

« probability of observing a point at @:

p(a’/‘) — p(way: 1) T p(mvy: _1)

yis “integrated out” - here “summed out”

Sepp Hochreiter



Minimal Risk for a Gaussian Classification Task
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2.2 Gen. Error °
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3 Maximum Likelihood|  F€d: class -1) 0.2
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3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

oL
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Minimal Risk for a Gaussian Classification Task

1 Introduction

2 Generalization Error e .
g; godelEQuanty » Bayes rule for probability of & belonging to class y = 1:
. en. error
2.2.1 Definition
2.2.2 Estimation

2.3 Minimal Risk

Example p$ y:l pyzl
3Maxii)mum Likelihood p (y =1 | $) — ( | ) ( )
3.1 Loss Unsupervised| p( w)

3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation . ]
3.2 MSE, Bias, & regions of predicted class y = 1:
Variance
3.3 Cramer-Rao Lower
Bound and Efficiency Xl
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant

3.5.2MLE is

Asymptotically X—l — {(B | g((L‘) < O} .
Unbiased and Efficient
3.5.3 MLE is consistent .
for Zero CRLB IOSS fUIlCtIO].’lt
3.6 Expectation
Maximization

7 Maximu 0 for xz;w) >0
Z;im:ti;?mmEntropy L(y,g(x;w)) = { 1 for zggw’wg <0

{z | g(x) >0}

regions of predicted class y = —1:
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Risk:  R(g(.;

Loss function contributions:

Riglsw)) = |

J,
S

X1

p(z,y

p(y=-1|=z) p(z) dr + /

X_1

(y=-1|=x) for

(y=1|=z)

for

X1 .
X_l .

D
D

g(z) >0
g(z) <0

(wa Y= _1)

(a:,y — 1)

_1) der + / p(may
X_1

p(y=1|=z) p(z) dz

} p(x) dz

w)) = [, L(y,g9(z;w)) p(2) dz

1) dx
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Optimal discriminant (see later) function:

>0 for p(y=1|x) > p(y=-1|x)

9(@;w) < 0 for ply=—1|x) > p(y=1|=x)

at each position & take smallest value

The minimal risk is

Rmin = /mln{p(may:_l)ap(may:]-)} de =
X

/Xmin{p(y =-1|z),p(y=1|=)} p(z) dx

Theoretical Concepts of Machine Learning Sepp Hochreiter



Minimal Risk for a Gaussian Classification Task

1 Introduction

2 Generalization Error Frr”‘l.' | Xl
2.1 Model Quality
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3.6 Expectation
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Estimation
o i i f2 ¥ f4 f5
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pilxjer )P o)
&

=

veducible

Pty JE (o) dx

[ptrtopPrsy) d
r (i

I 2
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|
~

» discriminant function g: g(x)>0 then xis assigned to y
g(x)<0 then zis assigned to y

+ classification function g(x): g(x) = sign(g(x))

« optimal discriminant functions (minimal risk):
g(x) = ply=1[=z) — p(y

or

—1|x)
=1|2z) — lply=-1]2) =

p(y =1)
p(y = —1)

g(x) = Inp(y
p(x|y=1)

+ In
px|y=-1)

In
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Minimal Risk for a Gaussian Classification Task

1 Introduction

2 Generalization Error For Gaussians:

g; I\GllodeIIEQuaIity 1 . d
2:2.1(I?)Zfin?’:i%rn g(m) - T 5 (33 Nl) E (33 N1) — —In27 —

2.2.2 Estimation 2 2

In|Z| + Inp(y=1) +

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections

_ d 1
T — pa)" B3N (@ — p2) + 2111277 + 2 In[Xg| — Inp(y =-1) =
3.1.2 Generative

3.1.3 Parameter ]_

(
3 Pe 1
E.szt"n:llastllz?nsias,& "9 (z — Hl) 27 1(51’ p1) — o Inf¥| + Inp(y=1) +
(
1
2

N = N =

2
Variance
ramer-Rao Lower — 1
3.3 Cramer-Rao L T — “2)T 221(33_“2) + 5 In|E2] — Inp(y =-1)

2
Likelihood Estimation T 1 1 T 1 1
3.5 Properties - — - - — — —_
Estimator \(21 22 )J T+ @ \(21 H1 22 “2)1
3.5.1 Invariant v v
3.5.2 MLE is A w
Asymptotically 1 1
Unbiased and Efficient - _
3.5.3 MLE is consistent 9 (241 E I‘l’l +5 2 [P E I’l'2
for Zero CRLB 1 1 1 1
3.6 Expectation n = — In = — =
Maximization f(y ) p(y )
3.7 Maximum Entropy
Estimation — 5 :L‘TA:B + wTa: + b

Theoretical Concepts of Machine Learning Sepp Hochreiter

Bound and Efficiency
3.4 Maximum

N | =

9 1n|21| + 5 ln|§]2| +
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Maximum Likelihood

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
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Asymptotically
Unbiased and Efficient
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3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

* One of the major objectives if learning generative models
* It has certain theoretical properties

 Theoretical concepts like efficient estimator or biased
estimator are introduced

» Even supervised methods can be viewed as special case of
maximum likelihood
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Loss for Unsupervised Learning

1 Introduction

2 Generalization Error First we consider different loss functions which are used
2.1 Model Quality i i

52 Gon Eror for unsupervised learning
2.2.1 Definition
2.2.2 Estimation . ) ] .
2.3 Minimal Risk Generative approaches > maximum likelihood

Example
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3.1.3 Parameter
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3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Theoretical Concepts of Machine Learning Sepp Hochreiter



Loss for Unsupervised Learning

1 Introduction

2 Generalization Error « data projection into another space with desired requirements
2.1 Model Quality
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2.2.1 Definition
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2.3 Minimal Risk
Example

3 Maximum Likelihood p(’U;j ’UJ)

3.1 Loss Unsupervised| g 5 A % p(a’:)
_ projections AT u| model |& /\
212 Gonerathe o LN By < g(z; w) "}@ -

|
Estimation —_—

3.2 MSE, Bias, & Dt g\u) observations

Variance A
3.3 Cramer-Rao Lower] I'€ference G
Bound and Efficiency pl’OjECtiOllS A targ et

3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
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Asymptotically
Unbiased and Efficient
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“generative model”: model simulates the world and produces the
same data as the world

p(z; w)

N\ n AN
_/{_j_j\i A Qﬁ} model a—:} - J\Q—/ - model data
D g(u; w) \A !

() /\
sources world A — // / observations
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» parameterized model known
- task: estimate actual parameters
* loss: difference between true and estimated parameter

 evaluate estimator: expected loss

Theoretical Concepts of Machine Learning
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2.2.1 Definition . . .
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 unbiased estimator: EX?f) — W

on average (over training set) the true parameter is obtained

* bias: b(w) = Exw — w
- variance: var(w) = Ex ((Qi) — EX(qi)))T (w — Ex('li))))

» mean squared error (MSE, different to supervised loss):

mse(w) = Ex ((us — w)T (w — w))

expected squared error between the estimated and true parameter
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Zero
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Only w depends on X

Ex (@ - Ex(@) Bx(®) - w)) =
(Ex(®) — Ex(®))" (Ex(®) — w) = 0
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Averaging reduces variance — each of the [NV subsets has
/N examples which gives [ examples in total

1 N
N2

N N
: : . 1 . 1
Unbiased: Ey (w,,) = NZEX@wZ — Nzw = w
p=1 p=1
. _ 1 N
Variance: covary (Wy,) = N22covarxi (w;) =
p=1

1

N
1 . N
N2 E_ covarx ;/n (W) = NcovarX,Z/N (W)
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 averaging: training sets X; are independent, therefore
covariance between them vanishes

* Minimal Variance Unbiased (MVU) estimator: construct from
all unbiased estimators the one with minimal variance

* MVU estimator does not always exist

* methods to check whether a given estimator is a MVU
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* We will find a lower bound for the variance of an unbiased estimator:
Cramer-Rao Lower Bound (that is a lower bound for the MSE)

« We need the Fisher information matrix Iz :

Olnp(x;w) Olnp(x;w
Ir(w): [IF(w)]z'j - Ep(w;w)( 3,50. ) 8'50- )>
0 j

Olnp(x;w) 0lnp(x; w)
ow;
Olnp(x;w) O0lnp(x;w)
ow;

E

p(x;w) Ow,

o, p(x; w) de
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ow

1 .
If p(z;w) satisfies Vi : Epgw) (8 np(w,w)) =0

then the Fisher information matrix is

0% In p(x; w)

IF(w) IF(w) — = Ep(a:;'w)

Fisher information: information of observation & about

ow Ow

parameter w upon which the parameterized density function

p(x; w) of T depends

Theoretical Concepts of Machine Learning
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Theorem 1 (Cramer-Rao Lower Bound (CRLB))
Assume that

Olnp(x;w)
T E”‘“”( ow ) -0

and that the estimator w is unbiased.
Then,

covar(w) — I;'(w)
18 positive definite:
covar(w) — Iz'(w) > 0.

An unbiased estimator attains the bound in that
covar(w) = Iz'(w) if and only if

81ng§:;w) = A(w) (g(z) — w)

for some function g and square matric A(w).
In this case the MVU estimator is

A

w = g(x) with covar(w) = A H(w).

Theoretical Concepts of Machine Learning
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Fisher Information Matrix, Cramer-Rao Lower
Bound, and Efficiency

1 Introduction

o A . A —1
omeizmineror|  var(w;) = [covar(w)]; > I (w)].
2.2 Gen. Error
2.2.] Definition » efficient estimator: reaches the CRLB (efficiently uses the data)
.2.2 Estimation

2.3 Minimal Risk
Example

 MVVU estimator can be efficient but need not
3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections A
3.1.2 Generative var{w)
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance 43
3.3 Cramer-Rao Lower
Bound and Efficiency

3.4 Maximum 1$
Likelihood Estimation 2
3.5 Properties
Estimator \ A

3.5.1 Invariant - WMUV
3.5.2MLE is -

Asymptotically . "

Unbiased and Efficient el — -

3.5.3 MLE is consistenf e e e e e ——
for Zero CRLB
3.6 Expectation W
Maximization

3.7 Maximum Entropy .
Estimation dashed: CRLB
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Fisher Information Matrix, Cramer-Rao Lower
Bound, and Efficiency

1 Introduction

FAS
2 Generalization Error VEI]T(W}
2.1 Model Quality
2.2 Gen. Error
2.2.1 Definition
2.2.2 Estimation
2.3 Minimal Risk A

Example w1

3 Maximum Likelihood

3.1 Loss Unsupervised| AN
3.1.1 Projections \
3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically w
Unbiased and Efficient
3.5.3 MLE is consisten dashed: CRLB
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Theoretical Concepts of Machine Learning Sepp Hochreiter



Maximum Likelihood Estimator

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency

3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

* MVVU estimator is unknown or does not exist

* Maximum Likelihood Estimator (MLE)

* MLE can be applied to a broad range of problems

* MLE approximates the MVU estimator for large data sets
* MLE is even asymptotically efficient and unbiased

* MLE does everything right and this efficiently (enough data)

Theoretical Concepts of Machine Learning Sepp Hochreiter



Maximum Likelihood Estimator

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Theoretical Concepts of Machine Learning

The likelihood L of the data set {x} = {z!,...

L{z};w) = p({z};w)

probability of the model p(x; w) to produce the data

X

iid (independent identical distributed) data:
l

Li{zhw) = pl{ekw) = [[r@'w)
Negative log-likelihood: =1

- InL({zhw) = - } Wp(@';w)

Sepp Hochreiter



Maximum Likelihood Estimator

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

» likelihood is based on finite many densities values which
have zero measure: problem?

- assume instead of p(x; w) the volume element p(z*; w) d

(region around z* )

* MLE popular:
- simple use
- properties

Theoretical Concepts of Machine Learning
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Properties of Maximum Likelihood Estimator

1 Introduction

2 Generalization Error M I—E .
2.1 Model Quality
2.2 Gen. Error
2.2.1 Definition « invariant under parameter change
2.2.2 Estimation

2.3 Minimal Risk
Example \ . . . . .
» asymptotically unbiased and efficient - asymptotically optimal
3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections :

312 Gonoratiin  consistent for zero CRLB
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE is
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation
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Properties of Maximum Likelihood Estimator

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Theoretical Concepts of Machine Learning

Theorem 1 (Parameter Change Invariance)
Let g be a function changing the parameter w into
parameter w: u g(w), then

A

u = g(w),
where the estimators are MLE.
If g changes w into different u

then g(w) mazimizes the likelihood function

max p({z};w) .

w:u=g(w)

Sepp Hochreiter



Properties of Maximum Likelihood Estimator

1 Introduction

2 Generalization Error

2.1 taodel Qualiy The maximum likelihood estimator is asymptotically unbiased:

2.2.1 Definition

2.2.2 Estimation E (11\]) l—)OO W
2.3 Minimal Risk . %
ExamIrTIIgna ° p ({.U ,’UJ)

3 Maximum Likelihood . . . . . . . n
31LossUnsupervised, 1 N€ mMaximum likelihood estimator is asymptotically efficient:
3.1.1 Projections l
3.1.2 Generative A — 00

3.1.3 Parameter covar (w ) — CRLB
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLEis
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation
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Properties of Maximum Likelihood Estimator

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant

3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Theorem 1 (MLE Asymptotic Properties)

If p(x; w) satisfies

O ln p(x; w)

Vw :  Epzw) Ow

then the MLE which mazimizes p({x};w)
18 asymptotically distributed according to

~ l—o0

W X (w,IEl(w)) :

where Ir(w) is the Fisher information matrix

evaluated at the unknown parameter w.

Theoretical Concepts of Machine Learning
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Properties of Maximum Likelihood Estimator

1 Introduction

2 Generalization Error « practical applications: finite examples >MLE performance unknown
2.1 Model Quality
2.2 Gen. Error
2.2.1 Definition
2.2.2 Estimation
2.3 Minimal Risk
Example

3 Maximum Likelihood

3.1 Loss Unsupervised,  © EXample: general linear model x = Aw + €, where

3.1.1 Projections
3.1.2 Generative € N (0 C)
3.1.3 Parameter ) 1
Estimation ~ _ — _
3.2 MSE, Bias & MLE is w = (ATC’ 1A) ATC ¢
ariance . . . .
3.3 Cramer-Rao Lower| which is efficient and MUV
Bound and Efficiency
3.4 Maximum
Likelihood Estimation . T 1 —1
3.5 Properties W X (w : (A C A) )
Estimator
3.5.1 Invariant
3.5.2MLEis
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent . .
tor Zero CRLB Note the noise covariance must be known
3.6 Expectation
Maximization
3.7 Maximum Entropy
Estimation
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Properties of Maximum Likelihood Estimator

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

. A l_>OO
- consistent: W — w

for large training sets the estimator approaches the true value
(difference to unbiased - variance decreases)

» more formal definition for consistency as

limp(lw — w| > €¢) =0
[—o00

Thus, the MLE is consistent if the CRLB is zero
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Expectation Maximization

1 Introduction

2 Generalization Error ||ke||h00d can be Generﬂtlve MDdE]

2.1 Model Quality .
2.2 Gen. Error optlmlzed by

2.2.1 Definiti ' i

522 Estimation graﬁ:egt descent J"I.jikﬁ_ A Uu model

2.3 Minimal Risk _

Examerlléna ° Mmethods p g(“ 'U_?)
u

sources

3 Maximum Likelihood

3.1 Loss Unsupervised| ||ke||h00d cannot
3.1.1 Projectiqns be Computed

3.1.2 Generative

3.1.3 Parameter ana]ytica”y:

Estimation

3.2 MSE, Bias, & - hidden states

Variance

observations

3.3 Cramer-Rao Lower] - many-to-one Likﬂ]ih Dﬂd

Bound and Efficiency

3.4 Maximum output mapping

Likelihood Estimation . iy
3.5 Properties - non-linearities

et /t’ RS € mﬂdiu)

3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation r . ;
Maximization p[ H 'U_?) — IL.T Pu \ u) 5
3.7 Maximum Entropy '
Estimation

sOouirces

Theoretical Concepts of Machine Learning

observations

i

(x = g(u; w)) du
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Expectation Maximization

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

* hidden variables, latent variables, unobserved variables u

* likelihood is determined by all 4 mapped to @

p(x; w)

Theoretical Concepts of Machine Learning

U

Pu(u) 0(x = g(u; w)) du
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Expectation Maximization

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.7 Maximum Entropy
Estimation

Expectation Maximization (EM) algorithm:
- joint probability p(x, u; w) is easier to compute than likelihood

- estimate p(u | z;w) by Q(u | x)

nL({e};w) = p({e};w) = In /U p({e}, u;w) du =

QUI{w}

In Q(u | {x}) p({z}, u;w) du[> Jensen's inequality

p({x}, u; w)
/U Qu {2)) w7 du

Q(u | {z}) np({x},u;w) du —

U

Q(u | {z}) nQ(u | {z}) du =

U

F(Q,w)
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Expectation Maximization

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

EM algorithm is an iteration between "E”-step and “M”-step:

E-step:

Qi = argmax F(Q,wy)

M-step:

Weg+1 = algmax F(Qk41, w)
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Expectation Maximization

1 Introduction

2 Generalization Error After E'Step: Qk“l‘l(u | {w}) — p(u | {CU}, wk)

22 Gen. Ertor F(Qig1, wr) In £({z}; wy)

2.2.1 Definition
2.2.2 Estimation
2.3 Minimal Risk
Example

Proof: p(u,{x};wr) = p(u| {x};wy) p({x}; wg)

3 Maximum Likelihood
3.1 Loss Unsupervised|

3.1.1 Projectiqns B ({:l)} u, ’LU) .
213 Sarametter ‘F(Q7'w) — / Q(u | {iB}) 11’1 ('u, | {w}) du =
Estimation

3.2 MSE, Bias, &
Variance * /Q(u | {m} 1 p(u | {m} ) du + lnp({a:};w) —
3.3 Cramer-Rao Lower| U (u | { })

Bound and Efficiency

3.4 Maximum (u | {ZB}, )

ikeli imat ul|{x}) 1 du In L({x};w

Listtead Extmaton /U Q(u | {z}) In Ou | {z}) + InL({z};w)

Estimator

3.5.1 Invariant . .

3.5.2MLE is Kullback-Leibler divergence:

Unbiasod and Effclent Q(ul{z})

3.5.3 MLE is consistenf DKL Q ” p fU u | {CU} 111 p(u|{z};w) du Z 0
for Zero CRLB !
camaon | Zerofor: Q(u | {z}) = p(u|{z}w)
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Expectation Maximization

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.7 Maximum Entropy
Estimation

EM increases the lower bound in both steps

Beginning of the M-step:  F(Qgi1,wr) = InL({x};wy)

E-step does not change the parameters

In L({z};wr) = F(Qrt1,wr) <

F(Qrt1, Wit1) < F(Qrt2,Wiy1) = InL({z}; wiy1)

EM algorithm:

- hidden Markov models

- mixture of Gaussians

- factor analysis

- independent component analysis

Theoretical Concepts of Machine Learning

Sepp Hochreiter



Maximum Entropy

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

maximum entropy probability distribution:

e maximal entropy given a class of distributions

* minimal prior assumptions

« physical systems converge to maximal entropy configurations
 most likely observed solution

« connection: statistical mechanics and information theory

principle of maximum entropy first expounded by E.T. Jaynes in 1957
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Maximum Entropy

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB
3.6 Expectation
Maximization

Entropy
H = — Zpk log pi pr log pr, = 0 for pr =0
k>1
oo
H = — / p(CU) log p(il?) dx p(x)logp(x) = 0 for p(z) =0
— OO
Examples:

« normal distribution: given mean and standard deviation
 uniform distribution: supported in the interval [a, b]
« exponential distribution: given mean in [0, o]
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Maximum Entropy

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections

3.1.2 Generative

3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB
3.6 Expectation
Maximization
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Theorem 1 (Boltzmann’s Theorem: Discrete)

Suppose S = {x1,x2,...} is a (finite or infinite) discrete subset of the reals and
n functions fi,..., fn and n numbers a1,...,a, are given. Let be C the class
of all discrete random variables X which are supported on S and which satisfy
the n conditions:

E(fj(X)) = a;

If there exists a member of C which assigns positive probability to all mem-
bers of S and if there exists a maximum entropy distribution for C, then this
distribution has the following shape:

forg=1,....n

Pr(X = xx) fork=1,2,... ,

c exp Z)\j fi(zg)

=1

where the constants ¢ and A\; have to be determined so that the sum of the

probabilities is 1 and the above conditions for the expected values are satisfied.
Conversely, if constants ¢ and \; as above can be found, then the above

distribution is indeed the mazximum entropy distribution for class C.
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Maximum Entropy

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB
3.6 Expectation
Maximization

Theoretical Concepts of Machine Learning

Theorem 1 (Boltzmann’s Theorem: Continuous)

Suppose S is a closed subset of the real numbers R and n measurable functions
fi,--., fn and n numbers a4, ...,a, are given. Let be C the class of all continu-
ous random variables which are supported on S and which satisfy the n expected
value conditions:

E(f;(X))

If there is a member in C' whose density function is positive everywhere in
S, and if there exists a maximal entropy distribution for C, then its probability
density p(x) has the following shape:

=a; forj=1,...,n

p(x) = c exp Z)\j fi(x) forallz e S,
j=1

where the constants ¢ and A; have to be determined so that the integral of p(z)
over S is 1 and the above conditions for the expected values are satisfied.

Conversely, if constants ¢ and \; like this can be found, then p(x) is indeed
the density of the (unique) mazimum entropy distribution for class C.
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Maximum Entropy

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB
3.6 Expectation
Maximization

Not all classes of distributions contain a maximum entropy distribution:
 arbitrarily large entropy: distributions with mean
» entropies of a class are bounded from above but not attained:

distributions with mean zero, second moment one, and third
moment one
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Maximum Entropy: Discrete Solution

1 Introduction

n

2 Generalization Error Constraints: Zp(x%) fk (3;7/) = Fg k= 1? ceey T
2.1 Model Quality =1

2.2 Gen. Error
2.2.1 Definition
2.2.2 Estimation n

2.3 Minimal Risk . —
Example Z p(x") =1
1=1

3 Maximum Likelihood
3.1 Loss Unsupervised|

3.1.1 Projections SOIUtion, the Gibbs distribution
3.1.2 Generative 1
exp (A1 fi(zs) + -+ + Amfm(zs))

3.1.3 Parameter -

Estimation p (CCZ) - Z )\ )\

3.2 MSE, Bias, & ( 1y m)
Variance
3.3 Cramer-Rao Lower

Bound and Efficiency with partition function

3.4 Maximum
Likelihood Estimation

Catimator ZAt,--5Am) = > _exp(Afi(@) + -0 4 AmSfm(2i))
i=1

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient

353MLEisconsisten]  The Lagrange multipliers are determined by the equation system
Maximization
3.7 Maximum Entropy F k p—

x log Z(A1, ..., Am
Estimation 8 A k g ( 1 )

3.6 Expectation 8
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Maximum Entropy: Continuous Solution

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised|
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB

3.6 Expectation
Maximization

3.7 Maximum Entropy
Estimation

Theoretical Concepts of Machine Learning

Instead of the entropy, we use the Kullback-Leibler divergence:
plx
Dy m) = — [ payiog 27 da

m(z)
m(x) is proportional to the limiting density of discrete points and is
assumed to be known

Constraints: / p(@)fu(x) dz = Fo  k=1,....m / (@) do = 1

Solution, is Gibbs distribution:

P@) = Loy @) EPAAE) + o+ Anfa@)
with partition function
Z(AMyeeoyAm) = /m(w) exp (Aifi(z) + -+ + Anfm(z)) do

and the equation system for the Lagrange multipliers:

alogZ()\l,...,)\m)

Fr. =
3
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Maximum Entropy

1 Introduction

2 Generalization Error
2.1 Model Quality

2.2 Gen. Error

2.2.1 Definition

2.2.2 Estimation

2.3 Minimal Risk
Example

3 Maximum Likelihood
3.1 Loss Unsupervised
3.1.1 Projections
3.1.2 Generative
3.1.3 Parameter
Estimation

3.2 MSE, Bias, &
Variance

3.3 Cramer-Rao Lower
Bound and Efficiency
3.4 Maximum
Likelihood Estimation
3.5 Properties
Estimator

3.5.1 Invariant
3.5.2MLE s
Asymptotically
Unbiased and Efficient
3.5.3 MLE is consistent
for Zero CRLB
3.6 Expectation
Maximization

Theoretical Concepts of Machine Learning

The invariant measure function m(z)is actually the prior density
function representing the lack of relevant information.

It can be determined by the principle of transformation groups or
marginalization theory.

If x takes values only in (a, b), then the maximum entropy probability

density functionis p(x) = Z-m(x) , a<x<b
where Z is a normalization constant.
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Noise Models

4 Noise Models

4.1 Gaussian Noise
4.2 Laplace Noise
4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

 connecting unsupervised and supervised learning
* quality measure
* noise on the targets

 apply maximum likelihood

Theoretical Concepts of Machine Learning
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Gaussian Noise

4 Noise Models

4.2 Laplace Noise
4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Theoretical Concepts of Machine Learning

- Gaussian target noise =~ § = X w
* linear model y=5-+e=Xw+ e
e x N (0,3

/:’((ya X); w) —

1 1 T s—1
o miage Oy @ - X 5w - X w)
log-likelihood:
In £((y, X);w) =
d

_ %@ — ;ln|2| - xw)T sy - X w)

L
2 2
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Gaussian Noise

4 Noise Models
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4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

*minimize (y — X w)! T7'(y — X w)
least square criterion
linear least square estimator

derivative with respect to w

—2XTy 1y + 2XT2 ! X w

Setting the derivative to zero (Wiener-Hopf equations):

w = (X721 X)) XTs 1y

Theoretical Concepts of Machine Learning Sepp Hochreiter



Gaussian Noise

4 Noise Models

4.2 Laplace Noise

4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
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5.3 Error Bounds
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5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Theoretical Concepts of Machine Learning

Noise covariance matrix gives the noise for each measure
In most cases we have the same noise for each observation:

> = 11

o

We obtain
w o= (XTX) XTy

(XTX) X7 : pseudo inverse or Moore-Penrose inverse

. . . 1 —
minimal value: 1 yT (I _ X (XTX) 1 XT) y
o

Sepp Hochreiter



Laplace Noise and Minkowski Error

4 Noise Models

4.1 Gaussian Noise
4.2 Laplace Noise
4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Laplace noise assumption:

ly — g(z;w)l,

ply — g@w) = Dexp(— Bly — g(@;w)))

2
More general Minkowski error:

ly — g(z; w)

| T

r 51/1‘

gamma function

['(a) =

Theoretical Concepts of Machine Learning

)eXp(— Bly — glz;w)|") ,

I'n) = (n—1)!
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Laplace Noise and Minkowski Error

4 Noise Models
4.1 Gaussian Noise

4.2 Laplace Noise 2 — T T T
4.3 Binary Models |

4.3.1 Cross-Entropy E
4.3.2 Logistic
Regression -
4.3.3 Log. Regression R
Convex Vo
4.3.4 Softmax 15 | Yoo
4.3.5 Softmax Convex

5 Statistical Learning Ll
Theory 5
5.1 Error Bound \,
Example

5.2 Empirical Risk 1L
Minimization [
5.2.1 Complexity: 1
Finite Number of O
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds 05 L Y
5.4 Structural Risk ’ \
Minimization \
5.5 Margin '
5.6 Average Bounds

|6 Kernels and Dot
Products | I N

6.2 Reproducing
Kernel Hilbert Space

Theoretical Concepts of Machine Learning

6.1 Mercer's Theorem 2 A5 p 0.5 0
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Binary Models

4 Noise Models
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4.2 Laplace Noise
4.3 Binary Models
4.3.1 Cross-Entropy
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Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
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5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

* noise considerations do not hold for binary target

* classification not treated

Theoretical Concepts of Machine Learning
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Cross-Entropy

4 Noise Models

4.1 Gaussian Noise
4.2 Laplace Noise
4.3 Binary Models
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Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

classification problem with K classes:
ge(z;w) = p(y =ex | )
y E {61,...,6[{} positioﬂnk
If « is in the kth class then y = (0,...,0,1,0,...,0)

Likelihood:

L{z}w) = pzhw) = [[T] oy = ex | 2'5w) ¥ lip(a?)
=1 k=1

[[r@ =e 2wl = py =e, | 2iw) for g = e,

k=1

Theoretical Concepts of Machine Learning Sepp Hochreiter



Cross-Entropy

4 Noise Models

4.1 Gaussian Noise
4.2 Laplace Noise
4.3 Binary Models

4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Theoretical Concepts of Machine Learning

The log-likelihood:

K
ImnL({z};w) = Z
—lr
loss function:
K
> ], np(y’ = e | xtw)
k=1 i=1 . y )
i1 1. P =ep|zhw
cross entropy (Kullback-Leibler) ; ; 7] n ],
K 1
v'], ~p(y" = ex) - > > W[y,
k=1 i=1
1 for vy =ep

[yz]k B 0 for y' #ey

Sepp Hochreiter



Logistic Regression
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5.2.2 Complexity: VC-
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Minimization
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5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

a function g mapping & onto R can be transformed into a probability:

09

08

07

06

05

04 |-

03

02

01 |

p(y

1| xz;w) =

1

1 1 e—9(@w)

/’ - 08 |

09 -

1 07

06

05 |

04 |

03 |

02

Theoretical Concepts of Machine Learning
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Logistic Regression

4 Noise Models
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4.3.5 Softmax Convex

5 Statistical Learning
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5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension
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|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

If follows: | ( ply =
!

log-likelihood: l

InL({z};w) = Zlnp(zi;w) = Zlnp(yi,wi;w) —

l l
> Inp(y* | =% w) + > Inp(x’)
i=1 i=1
maximum likelihood maximizes

[
> Inp(y’ | @' w)
1=1

Theoretical Concepts of Machine Learning
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Logistic Regression

4 Noise Models
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5 Statistical Learning
Theory

5.1 Error Bound
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5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Theoretical Concepts of Machine Learning

derivative of the log-likelihood:

i i
>0ty = 1lahw) - ) Pl

=1

5 < o
~ ) Inp(y' |z w) =
8'wj z§=:1

similar to the derivative of the quadratic loss function in the regression:
l l

> (gl w) — o)

=1

0 g(x'; w)

(9wj

1] zhw) — y)

(9(z%;w) — y) instead of (p(y

1
1 1+ e—9(@w)

ply = 1|zyw) =

Sepp Hochreiter



Logistic Regression

4 Noise Models
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5 Statistical Learning
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5.1 Error Bound
Example
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|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Theoretical Concepts of Machine Learning

linear case: g(z";w) = w!z’
labels: y € {+1, —1}

S , :
8'w3 = — Zy Ti; — p(y' | &% w)) (We drop ¢ from z 1)
second order oL Lo, . .
derivatives with % = ow; dw > (¥ mij i p(¥ | w) (1 — p(y' | z;w))

H as the Hessian =

pii = zij /Pyt | Ty w) (1 —
bilinear form of the Hessian with a vector:

p(yt | z; w))

I d d
a’ Ha = ZZZQBZJ ik a; ak p(y° | T w) (1 — p(y* | Ty w)) =
i=1 j=1k=1
! d d
D> 4wy Ve | mw) (1= plyf |zw)) Y ok @ Vol | zw) (1 - ply' | 25w)) =
=1 j=1 k=1

- Hessian is positive definite

M- 1

l
(@ pi) @¥ p) = S (T pi)’ = 0
=1

=1

Sepp Hochreiter



Softmax

4 Noise Models

41 cauwssian Nose | Multi-class: logistic regression can be generalized by Softmax
.2 Laplace Noise

4.3 Binary Models

4.3.1 Cross-Entropy .

432 Logii We assume K classes with y € {1,..., K}
egression

4.3.3 Log. Regression .
Convex e gk (mawk)

4.3.5 Softmax Convex p(y — k|m;gl7”‘7gK7w17”'7wK) —

ZK e 9i(zw;)
5 Statistical Learning J= 1

Theory

51 Error Bound —> multinomial distribution across the classes
xample

5.2 Empirical Risk l I K

Minimization . . . i i g; (m3w5)

5.2.1 Complexity: ObJeCtlve. L = — Zlnp(y =y | x ;w) = Zln Ze ACLY — gy (m;'wyi)

Finite Number of i—1 1

Functions

5.2.2 Complexity: VC-

Dimension

5.3 Error Bounds — . _ .

.3 Error Bounds In the following we set p(y k|x;g1,...,95,w1,...,wg) = plk|z;W)

Minimization

5.5 Margin . . .

5.6 Average Bounds Derivatives:

|6 Kernels and Dot 8 L

Product ~ 9 gi(at; we) i O gr(x*; wy)
roducts = Z p(k | €T ’W) — yz—k Z

6.1 Mercer's Theorem awkn — 8wkn 8wk:n

6.2 Reproducing
Kernel Hilbert Space

Theoretical Concepts of Machine Learning Sepp Hochreiter
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5 Statistical Learning
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5.1 Error Bound
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|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

We show that linear Softmax is strictly convex

linear case: gk(ilii;'wk) = wjx’ gz’ W) = Wiz

derivatives: 8wkn mep (k| € ;W) — 8,y me

second order derivatives:

Op(v | ' W : '

g 8| ) = tim p(k |2 W) (1 — p(k |2 W)
w'vm

op(k | t; W ' '

. 8| )~ o p(k |z W) p(v | =" W)
wvm

oL
H n,om — =
kn, 6wkn6wvm

l
> Zin Tim p(k | 25 W) (= (1 — p(k |25 W) — (1 — Sp—y)p(v | s W) )

=1

Theoretical Concepts of Machine Learning Sepp Hochreiter



Softmax

4 Noise Models
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4.2 Laplace Noise
4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization
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Finite Number of
Functions

5.2.2 Complexity: VC-
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5.3 Error Bounds
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Minimization
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|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

We consider the bilinear from

aTH a =

Zzzakn Aym Tin Tim p(k | :BZaW) (6k=v (1 - p(k | :DZ,W)) - (1 - 5kz='u) p('v | wz’W)) =

kn v,m i

ZZakn Tin P(k | a:'i; W) Z.’L‘im (akm - Zavmp(v | il:i; W)) _

kn 1 m

ZZIL’WL Zakn p(k | :Bi; W) inm <akm — Zavmp(v I il:'i; W)) _
i n k ™ -
Z - { (Z Lin Zakn p(k | :Bi; W)> <Z Lim Zavmp(v | ivi; W)) } +
t n k - -
n k -

% k

2

%

> - <Z Tin ) akn Pk | wi;W)) + 1D plk|zhW) (Z Tin akn>
n k k n

Theoretical Concepts of Machine Learning

2o { (e pomrim) | o {1 (o) (n )}
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Softmax

4 Noise Models
4.1 Gaussian Noise y
+2Leomeenoins. | 1T for each summand of the sum over 1
4.3 Binary Models

4.3.1 Cross-Entropy

2
&:;el.sc;?ci;tic ;p(k | ', W) (Z Zin akn) - (; p(k | z"; W) me akn> > 0

4.3.3 Log. Regression
Convex

4.3.4 Softmax holds, then the Hessian is positive semidefinite.

5 Statistical Learning

Theory Both sums are an expectation with density p(k | =*; W) of the value
5.1 Error Bound Z T a t
Example ; or its square.
5.2 Empirical Risk n <in Ykn 9
Minimization

5.2.1 Complexity: . . . .
Finite Number of The second moment minus the expection squared is the variance.

Functions

5.2.2 complexity: ve- | 1 nerefore the left hand side of inequality is a second central moment,

Dimension i i
£ 3 o B unds which is larger than zero.

5.4 Structural Risk
Minimization . . . . .
5.5 Margin - the Hessian is positive semidefinite
5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Theoretical Concepts of Machine Learning Sepp Hochreiter
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Statistical Learning Theory

4 Noise Models

4.1 Gaussian Noise
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4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

* Does learning help for future tasks?
» Explains a model which explains the training data also new data?
* Yes, if complexity is bounded

» VC-dimension as complexity measure

« statistical learning theory : bounds for the generalization error (future)
* bounds comprise training error and complexity

« structural risk minimization minimizes both terms simultaneously

Theoretical Concepts of Machine Learning Sepp Hochreiter



Statistical Learning Theory

4 Noise Models

4.1 Gaussian Noise
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4.3 Binary Models
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4.3.3 Log. Regression
Convex

4.3.4 Softmax
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5.1 Error Bound
Example

5.2 Empirical Risk
Minimization
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5.2.2 Complexity: VC-
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5.3 Error Bounds

5.4 Structural Risk
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5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

- statistical learning theory:
- the uniform law of large numbers (empirical risk minimization)

- complexity constrained models (structural risk minimization)

* error bound on the mean squared error: bias-variance formulation
- bias is training error = empirical risk

- variance is model complexity
high complexity > more models = more solutions - large variance

Theoretical Concepts of Machine Learning Sepp Hochreiter



Error Bounds for a Gaussian Classification Task

4 Noise Mgdels _
37 Saussiap Nolse We revisit the Gaussian classification task

.2 Laplace Noise
4.3 Binary Models

4.3.1 Cross-Entropy .

4.3.2 Logistic Rpin = mln{p (w, Yy = —1) y P (33, Y = 1)} dx
Regression D¢

4.3.3 Log. Regression
Convex

4.3.4 Softmax — Lmin{p (x|ly=-1) ply=-1), p(x|y=1) ply=1)} dx

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk . 1—
Minimization va,b>0 . vOSﬁSl : mm{a, b} < a/'B b &
5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-

Dimension 1—
g.zg:rortBOL:ansk vOSﬂSl . len S (p(y — 1))6 (p(y — _]‘)) B

5.5 Margin _ _ 1—
5.6 Average Bounds (p (m | y - 1 ) )IB (p (m | y —_— 1 ) ) IB diB
X

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space
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Error Bounds for a Gaussian Classification Task
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5 Statistical Learning
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5.1 Error Bound
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5.5 Margin
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|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Gaussian assumption:
/X ply=1)° G@|y=—1)"" dz = exp(— v(5))

where

o(8) = ﬂ(12—5)

(2 — )" (BE1 + (1—B) o)™ (p2 — p1)
L 1B%: + (1-7) %
2 DAl >

Chernoff bound: maximizing ,U( ﬁ) with respect to
1

Bhattacharyy{a v(1/2) = 1 (2 — )T (B1 + )7 (2 — 1)
bound: § = 3 1B
+ _In 2
2 /=] =

Theoretical Concepts of Machine Learning Sepp Hochreiter



Empirical Risk Minimization
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6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

empirical risk minimization (ERM) principle states:

if the training set is explained by the model then
the model generalizes to future examples

restrict the complexity of the model class

empirical risk minimization (ERM).
minimize error on training set
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Complexity: Finite Number of Functions

4 Noise Models

4.1 Gaussian Noise
4.2 Laplace Noise
4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.1 Complexity:
Finite Number of
Functions

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

* intuition why complexity matters
» complexity is just the number M of functions in model class
« difference training error (empirical risk) and test error (risk )

;L (v',9 (7))

empirical risk: R, (g, Z) =

o~ | =

finite set of functions {gl, e ,gM}

worst case (learning chooses unknown function):

max ||Remp(9;,1) — R(g;)||

j=1,....M
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Complexity: Finite Number of Functions

4 Noise Models

4.1 Gaussian Noise
4.2 Laplace Noise

4.3 Binary Models
4.3.1 Cross-Entropy
4.3.2 Logistic
Regression

4.3.3 Log. Regression
Convex

4.3.4 Softmax

4.3.5 Softmax Convex

5 Statistical Learning
Theory

5.1 Error Bound
Example

5.2 Empirical Risk
Minimization

5.2.2 Complexity: VC-
Dimension

5.3 Error Bounds

5.4 Structural Risk
Minimization

5.5 Margin

5.6 Average Bounds

|6 Kernels and Dot
Products

6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

~—_ A sJ
J=190”71/;

Theoretical Concepts of Machine Learning

p(._max |Rem(95) — R(g;)ll > ) <
j=1,....M

M

S p (| Remp(05]) — R(g))| > ) <

=1

M2exp(—2€l) =2 eXp((—

max f; > €

p(a OR b) < p(a) + p(b): union bound

i

~ _ \\R fr ~
I N ()] i N
J 1 > e U J 2 = €

distance of average and expectation: Chernoff inequality
(foreachj) p(uy — s > €) < exp (— 2 € l)
where p;is the empirical mean of the true value S for [ trials

InM + In(2/9)
21

we obtain complexity term e(l,M,(S) — \/
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Theorem 1 (Finite Set Error Bound)
With probability of at least (1 — 9)

over possible training sets with | elements
and for M possible functions we have

R(g) < Remp(g,l) + €(l,M,9) .

error

test error

training error

complexity
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error

complexity

training

VC-dimension

e(l, M, ) should converge to zero as lincreases, therefore

In M- 10 InM + In(2
i — 0 E(Z,M,(S) — n —;ln( /5)
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6.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

» we want apply the previous bound for infinite function classes
* idea: on training set only finite number of functions is different

» example: all discriminant functions g giving the same classification
function sign g(.)

» parametric models g(.;w) with parameter vector w

« does minimizing the parameter on the training set convergence
to the best solution with increasing training set?

« empirical risk minimization (ERM): consistent or not?

» do we select better models with larger training sets?

Theoretical Concepts of Machine Learning Sepp Hochreiter
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Theoretical Concepts of Machine Learning

» parameter which minimizes the empirical risk for [ training examples:

w; = argmin Remp(g9(.;w),!)

* ERM is consistent if

(overfitting)
convergence in probability

Remp(g(2n),1) "=5° inf R(g(;w)) (underfitting)

R(g(sn) "2 inf R(g(;w))

Empirical risk and expected risk converge to minimal risk

Sepp Hochreiter
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W
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Theoretical Concepts of Machine Learning

ERM is strictly consistent if for all

MO = {wlz= @), [Lwoeo)peis > o

inf  Remp(g(;w),1) '=° inf

R(g(.;
weA(c) weA(c) (g( 'UJ))

holds (convergence in probability)

Instead of “strictly consistent” we write “consistent”

maximum likelihood is consistent for a set of densities if
0 <a < plx;w) < A < x
= N
1 l
inf Z (— Inp(x;w)) 280 inf / (— lnp(z;w)) p(x;w;) de
w X

[ w
i=1
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Kernel Hilbert Space

* Under what conditions is the ERM consistent?

* New concepts and new capacity measures:
- points to be shattered
- annealed entropy
- entropy (new definition)
- growth function
- VC-dimension

Possibilities to label the input data az* by binary Iabelsyi e {-1,1}
2! >shattering the input data

complexity of a model class: number different labelings
how many points can be shattered

Theoretical Concepts of Machine Learning Sepp Hochreiter
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Note, that each “x” is placed in a
circle around its position
independent of the other “x”.
Therefore each constellation

|6 Kernels and Dot
Products
6.1 Mercer's Theorem

. represents a set with non-zero
6.2 Reproducing ere
Kernel Hilbert Space probablllty mass.
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Theoretical Concepts of Machine Learning

* number of points a function class can shatter: V/C-dimension (later)
» function class .F

- shattering coefficient: N f(;cl ,a;l) (# labeling class can shatter)

- entropy of a function class: Hx(l) = Egi gy InNe(z?, ..., 2}

 annealed entropy of a function class:

HZ*(1) = nEg g Ne(z', ..., o)
» growth function of a function class:
Gr() = In sup Ng(z',...

(xl,...,2!)

Hr(l) < HF™(l) < Gr(l)

Jensen supremum

z')

Sepp Hochreiter
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Theoretical Concepts of Machine Learning

ERM is consistent:

Theorem 1 (Sufficient Condition for Consistency of ERM)
If

lim Hr ()

) l

then ERM is consistent.

ERM has fast rate of convergence (exponential convergence):

p(sllop|R(g(.;w)) — Remp(g(;un),0)| > e) < bexp(— c €2 )

Theorem 1 (Sufficient Condition for Fast Rate)
If

lim L}- () =0
=0 l

then ERM has a fast rate of convergence.
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Theoretical Concepts of Machine Learning

theorems valid for a given probability measure on the observations
probability measure enters the formulas via the expectation

Theorem 1 (Consistency of ERM for Any Probability)
The condition

im GF0 _
l—o00 [

18 necessary and sufficient for the ERM to be consistent
and also ensures a fast rate of convergence.
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« VC (Vapnik-Chervonenkis) dimension dy ¢ is the largest integer
for which G£(l) = [1n2 holds

dvc = mlax{l | G]:(l) — lan} .

If the maximum does not exists: dyc = 00

* \V/C-dimension is the maximum number of vectors that can be
shattered by the function class
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43 aussianose | Theorem 1 (VC-Dimension Bounds the Growth Function)

4.3 Binary Models The growth function is bounded by
4.3.1 Cross-Entropy
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4.3.3 Log. Regression
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[ In2 ’l,f [ S dVC
dvo (1 + In,l) if 1> dvo

IA
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dyc (In
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P rd
~
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/
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|6 Kernels and Dot ;
Products !
6.1 Mercer's Theorem L

6.2 Reproducing ]
Kernel Hilbert Space () d\/’( ! l
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Theoretical Concepts of Machine Learning

« function class with finite VC-dim.: consistent and converges fast

- Linear functions in d-dimensional of the input space:
g(x;w) = w'a dve =4
g(xz;w) = wliz + b dyc = d + 1

- Nondecreasing nonlinear one-dimensional functions
dvc =1

S |a; #| signz + ag

- Nonlinear one-dimensional functions:

sin(w z) dve = oo

Sepp Hochreiter
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- Neural Networks:
dvc < 2 W logy(e M)

M are the number of units, Wis the number of weights, e
is the base of the natural logarithm (Baum & Haussler 89,
Shawe-Taylor & Anthony 91)

dve < 2 W log,(24 e W D)
inputs restricted to [-D; D]

Bartlett & Williamson (1996)

Theoretical Concepts of Machine Learning
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* idea of deriving the error bounds: set of distinguishable functions
cardinality given by N

« trick of two half-samples and their difference (“symmetrization”):

l 21
1 . : 1 . . 1
p<sup (2 LW g (@hw) - 7 > L{yhg(ahw))| > e - l) >
w i=1

i=l+1
; ( >
o P | SUup > €
2 w

therefore in the following we use 2 [
- l example used for complexity definition and I for empirical error

l
[ L (e (@w) — Riglsw)

minimal possible risk:
wy = argmin R(g(.; w))
w

Rmin —

II'}‘iJIl R(g(;w)) = R(g(.;wo))
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Theorem 1 (Error Bound)

With probability of at least (1 — §) over possible training sets

with | elements, the parameter w; which minimizes
the empirical risk we have

R(g(;wi)) < Remp(9(;wi),l) + v/e(l,6) .

With probability of at least (1 — 20) the difference between
the optimal risk and the risk of w; is bounded by

R(g(;w)) — Rmin < Ve(l,8) + 1/ — lln5

Here €(1,0) can be defined for a specific probability as
8
«(1,6) = | (HE"(2) + (4/9))
or for any probability as

el,8) = © (Gr(2l) + In(4/6))

~| OO

where the later can be expressed though the VC-dimension dvc

8

el,8) = 7 (dvc (In(2l/dvc) + 1) + In(4/6))

[
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dvc

» complexity measure depend on the ratio i

* The bound above is from Anthony and Bartlett whereas
an older bound from Vapnik is

R(g(;wi)) < Remp(g(5wn),l) +
E(l,5) Remp(g(°;wl)7l)

SO 4+ 41+
2 e(l,6)
« complexity term decreases with \%
 zero empirical risk then the bound on the risk decreases with \%

* later: expectedrisk decreases with }
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4.3.3 Log. Regression * bound is similar to the bias-variance formulation

Convex

4.3.4 Softmax - bias corresponds to empirical risk
4.3.5 Softmax Convex . .
- variance corresponds to complexity
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error

complexity
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training

N

VC-dimension
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* In many practical cases the bound is not useful: not tight

* However in many practical cases the minimum of the bound is close
to the minimum of the test error

error

test error

training error

complexity
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* regression: instead of the shattering coefficient covering number
( covering of the functions with distance epsilon)

- growth function is then: Q(e, F,1) = In sup N (e, F, Xoo)
X

bounds on the generalization error:

R(g(;w1) < Remp(g(swi),l) + Ve(e,l,0)

where

e(e,1,5) = ?’lﬁ (In(12 1) + G(¢/6,F,1) — Iné)

Theoretical Concepts of Machine Learning Sepp Hochreiter
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The Structural Risk Minimization (SRM) principle
minimizes the guaranteed risk that is a bound on
the risk instead of the empirical risk alone
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» Example for SRM: minimum description length
- sender transmits a model (once) and the inputs and errors
- receiver has to recover the labels
goal: minimize transmission costs (description length)

transmissioncosts = Remp + complexity

* Is the SRM principle consistent? How fast does it converge?
SRM is consistent !!

asymptotic rate of convergence:
n~ Inl
rl) = R — Rl + 47V

where R7. is the minimal risk of the function class F;,

<oo):1

p(lim sup (1) ‘R (g (.; wl]:")) — Ruin

l—o0
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e |[R™. — Rum| “5°0

min

If the optimal solution belongs to some class F,, then the
5 Statistical Learning

Theory convergence rate is
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* /C-dimension: restrictions on the class of function

* most famous:
zero isoline of the discriminant function has minimal distance -~
(margin) to all training data points which are contained in a sphere
with radius R
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[lwell < A
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Margin as Complexity Measure
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Theorem 1 (Margin bounds VC-dimension)

The class of classification functions sign (’wTa: + b),
where the discriminant function w'x + b is in its
canonical form versus X which is contained in a sphere
of radius R, and where ||w| < '17 satisfy

R2
dvg < 2
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If at least one data point exists for which the discriminant function is
positive and at least one data point exists for which it is negative,
then we can optimize b and rescale ||w|| in order to obtain

the smallest ||w||

This gives the tightest bound and smallest VC-dimension

After optimizing b and rescaling  we have points for which

wlixl +b = 1 wlz? +b = —1
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After this optimization: the distance of ! and z? to the

boundary function is 1
[ ]|

= v

Theorem 1 (Margin Error Bound)
The classification functions sign ('wTa: + b) are restricted to
|w| < ,1Y and ||z|| < R. Let v be the fraction of training

examples which have a margin (distance to wx +b = 0 )
smaller than .

With probability at least of (1 — ) of drawing l examples,

the probability to misclassify a new example is bounded
from above by

C(R2
v o+ -

1n2l—|—ln15),
1\ 2 2 (1/9)

where ¢ 18 a constant.
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Leave-One-Out Cross Validation (LOO CV) estimator is
almost unbiased (see Section 2.2.2).

Essential support vectors: support vectors for which the solution
changes if they are removed from the training set

O Essential support vectors
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number of essential support vectors: k; < d+1

d is the dimension of the space

radius of the sphere which contains all essential support vectors: 7

expected risk ER(g(.;w;)), where the expectation is taken over the
training set of size [ and a test data point

Theoretical Concepts of Machine Learning Sepp Hochreiter



Average Error Bounds for SVMs

4 Noise Models Theorem 1 (Average Bounds for SVMs)
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4.3.1 Cross-Entropy E k. d ].
4.3.2 Logistic
Regression ER(g(7 ’lUl)) < & . = L
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4.3.4 Softmax r 2
4.3.5 Softmax Convex E ( +1 )
5 Statistical Learning ER(g ( 7 wj ))
Theory l -|— ].
5.1 Error Bound 2
Example . T

5.2 Empirical Risk E min {kl+1 ) ( 2 ) }
Minimization

5.2.1 Complexity: ER(Q ( -y Wi ))

Finite Number of l -I- ].
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o 2
B (k)" o ie + m)
5.3 Error Bounds ER(g(, wl)) S

5.4 Structural Risk

Minimization

5.5 Margin ) E ((kl_|_1)2 Zz 0472)
C<r": ER(g(;w)) <

IA

IA

|6 Kernels and Dot
Products
6.1 Mercer's Theorem

6.2 Reproducing 1™ are SVs with 0 < a;+ < C and m is number SVs with o; = C
Kernel Hilbert Space
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class -1 @ feature objects

class +1 support vectors

o O O o

O. O ® o o
ifgehyBerpldee
y deatuge objescts
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Kernels, Dot Products, and Mercer's Theorem

4.1 Gaussian Noise Example for a kernel: &®(x) =

2 2
. :1;1,:1:2,\@:1;13;2)
4.2 Laplace Noise
4.3 Binary Models

4.3.1 Cross-Entropy ml — (1,]_),332 — (1,—]_)’333 — (—1,1),%4 = (—1,—1)

4.3.2 Logistic
Regression

4.3.3 Log. Regression Wlth Iabels yl = _1’ y2 - 11 y3 = 17 y4 =-1

¢ . .
Convex not separable in 2D but in feature space

4.3.5 Softmax Convex @(wl) — (1’1’\/5)
_F;_itz:;stlcal Learning @ m2 (1 1 _\/»)
5.1 Error Bound
(1,1,-V2)
(1,1,v2)

4 Noise Models (

Example
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5.2.2 Complexity: VC-
Dimension
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5.4 Structural Risk {f e
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5.5 Margin
5.6 Average Bounds Tix)

|6 Kernels and Dot

Products i ? &
|6.2 Reproducing \
Kernel Hilbert Space
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Tomm, = (mm)n

<I>T(:137‘)<I>(m9) = 37,%1 33?1 + Sl)'zzz 58?2 + 2 ;1 Tio Tj1 Tjo =
2 NNT 2
(Ti1 Tj1 + Tiz Tj2)” = ((a: )z )

Another example:

(@) = (o, o}, V3ator, VBafm,
\/533%, \/§$%, \/627]_ 2 , \/gxla \/5&72)

1 (x)®(x?) =

33?1 :c?l + :c?2 :U;?Q +

3 :1;221 ;i x?l ZTjo + 3 w% Til m?Q i1 +

3 :1;?1 a:?l + 3 3332 a:?z +

6 i1 Ti2 Tj1 Tj2 + 3 Ti1 Tj1 + 3 TioZjo =

- (@)7e + 1) -
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kernel k: a function which produces a scalar out of two vectors

o o 3
k(a:",wj) = (w") ) + 1

Certain kernels represent the mapping of vectors into a feature space
and a dot product in this space.

The following theorem characterizes functions which build a dot
product in some space.
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Theorem 1 (Mercer)
Let the kernel k be symmetric and from Lo(X x X) defining
a Hilbert-Schmidt operator

To(f)(@) = /X k(w, ') f(z') da’

If Ty, is positive definite, i.e. for all f € La(X)

/ k(z,z') f(x) f(z') de dx’ > 0,
XxX

then T}, has eigenvalues A\; > 0 with
associated eigenfunctions v¥; € La(X). Further

()\1, Ao, .. ) €l
k(z,z') = ZAJ' ¥i(@) (') ,

where £1 1s the space of vectors with finite one-norm and
the last sum converges absolutely and uniformly for
almost all  and x'.
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The sum may be an infinite sum for which the eigenvalues converge to

zero. In this case the feature space is an infinite dimensional space.

Jfor almost all“ means ,except for a set with zero measure®:
single points may lead to an absolute and uniform convergence

That the convergence is ,absolutely and uniformly® is important
because the sum can be resorted and derivative and sum can be
exchanged.

If X is a compact interval [a, b] and k is continuous then positive definiteness of
T}, is equivalent to positive definiteness of k. A kernel k is positive semi-definite
ifforall [, all 21,... 2!, and all ;;,1 <i <1

1l
E a; aj k(z',2?) > 0
§,j=1,1

Using the gram matrix K with K;; = k(z*, /) and the vector & = (a1, ..., )
this is

al Ka >0
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|16.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Reproducing kernel Hilbert spaces (RKHSs) are an important
theoretical tool for proofing properties of kernel methods.

X is a set and H a Hilbert space of complex-valued functions on X.
H is a reproducing kernel Hilbert space if every linear evaluation map

L;: f— f(x)

from H to the complex numbers is continuous for any x in X.
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The next theorem is essential to show that every Hilbert space
uniquely definites a kernel (from Hilbert space to kernel):

Theorem 1 (Riesz representation theorem)
Let H* denote H’s dual space, consisting of all continuous linear functionals

from H into complex numbers C. If x is an element of H, then the function ¢,
defined by

¢=(y) = (y,7)

where (-,-) denotes the inner product of the Hilbert space, is an element of H*.
The Riesz representation theorem states that every element of H* can be written
uniquely in this form, that is the mapping

Yy e H

®: H— H*, &)=d,

is an isometric (anti-) isomorphism.
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Riesz theorem for kernel k: for every z in X there exists an element k,
of H, the ,point-evaluation functional® at the point x, with the property:

f<37) = <f7 kx> VieH
We define the kernel as a function k: X x X — C

kz,y) = ka(y)

k is called the reproducing kernel for the Hilbert space H.
k is completely determined by H because of Riesz theorem.

H is called ,reproducing kernel Hilbert space“ (RKHS).

Sepp Hochreiter
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The next theorem states that every symmetric, positive definite kernel
uniquely defines an RKHS (from kernel to Hilbert space):

Theorem 1 (Moore-Aronszajn)

Suppose k is a symmetric, positive definite kernel on a set X. Then there is a
unique Hilbert space of functions on X for which k is a reproducing kernel.

Proof.
Define, for all z in X, k; = k(z, ). Let Hy be the linear span of {k, :
Define an inner product on Hy by

n m
<Z bjkyj,zaikxi>
j=1

=1

zeX}

= Z Z(Tibjk(yj;mi) .

i=1 j=1

The symmetry of this inner product follows from the symmetry of k and the
non-degeneracy follows from the fact that k& is positive definite.
Let H be the completion of Hy with respect to this inner product. Then Hj
consists of functions of the form

f(z) = Zaikzi(-'l?) )

where > oo, a2k(z;, ;) < co. The fact that the above sum converges for every

z follows from the Cauchy-Schwartz inequality.

We confirm the RKHS property:

<f7 kz) = <i aikz,-7 kz>
i=1

Therefore we have

= Zaik($i,$) = f(.’D) .

i=1

flz) = Zaik(wi,x).
i=1

which is for example the model class of support vector machines.
To prove uniqueness, let G be another Hilbert space of functions for which & is
a reproducing kernel. For any = and y in X, The RKHS property implies that

(kzaky)H = k(“":y) = (kzyky>G .
By linearity,
('>'>H = ('a')G

on the span of {k; : € X}. Then G = H by the uniqueness of the completion.

End Proof.

Theoretical Concepts of Machine Learning
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|6 Kernels and Dot
Products

|16.1 Mercer's Theorem
6.2 Reproducing
Kernel Hilbert Space

Properties of the reproducing kernel and the RKHS:

* reproducing property: k(z,y) = (k(z,-),k(y,"))

. oo .
« orthonormal sequences, kernel expansion: If {¢k}k:1 is an
orthonormal sequence and the closure of its span is H, then

k(z,y) = Z bx () o ()
k=1

* Moore-Aronszajn Theorem: every symmetric, positive definite
kernel defines a unique reproducing kernel Hilbert space.

For machine learning, the model class
flx) = Zaikmi(a:) = Zaik(a:i,a:)
=1 =1

is of importance and can be represented by the RKHS.
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